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ALGEBRAIC PART OF MOTIVIC COHOMOLOGY
TOHRU KOHRITA
Abstract. We define the algebraic part of the motivic cohomology group with compact supportsHm
c
(X,Z(n))
of an arbitrary connected scheme X over an algebraically closed field. Our definition is a generalization of
the classical notion of the algebraic part of Chow groups. For the algebraic part of motivic cohomology, we
define and study regular homomorphisms with targets in the category of semi-abelian varieties. We give a
criterion for the existence of universal regular homomorphisms and show their existence for m ≤ n+ 2 if X
is an arbitrary connected scheme, and for (m, n) = (2 dimX, dimX) if X is smooth. Note that these indices
include those corresponding to algebraic cycles of codimensions 1, 2 and dimX. For an arbitrary smooth
connected scheme X, we show that the universal regular homomorphism in codimension dimX is nothing
but the Albanese map in the sense of Serre. We also identify the target of the universal regular homomor-
phism in codimension one of an arbitrary smooth connected scheme with a variant of Picard varieties and
conclude that it is an isomorphism.
Contents
1. Introduction 1
2. Universal regular homomorphisms 3
2.1. The case of smooth proper schemes 3
2.2. The algebraic part 4
2.3. Regular homomorphisms 11
2.4. Existence of universal regular homomorphisms 13
3. Study in codimension one 20
3.1. Motivic cohomology with compact supports as cdh hypercohomology 20
3.2. Relative Picard groups 22
3.3. Universal regular homomorphisms in codimension one 23
3.4. Algebraic part by proper parametrization 27
References 32
1. Introduction
We define the algebraic part Hmc,alg(X,Z(n)) (Definition 2.4) of the motivic cohomology group with com-
pact supports Hmc (X,Z(n)) of an arbitrary connected scheme X of dimension dX over an algebraically closed
field k. If the schemeX is smooth and proper and (m,n) = (2r, r), it is canonically isomorphic to the algebraic
part (see the equation (1) in Section 2.1 for the definition) of the Chow group CHr(X) (Proposition 2.7).
If X is smooth and (m,n) = (2dX , dX), our algebraic part agrees with the degree zero part of the Suslin
homology (Proposition 2.8, Remark 2.9) via the Friedlander-Voevodsky duality isomorphism.
As an analogue of the classical theory, we define regular homomorphisms for Hmc,alg(X,Z(n)). A regular
homomorphism is a group homomorphism from Hmc,alg(X,Z(n)) to the group of rational points of a semi-
abelian variety S that is “continuous” in the sense of Definition 2.13. We say that a regular homomorphism
φ : Hmc,alg(X,Z(n)) −→ S(k) is universal if, given any regular homomorphism φ
′ : Hmc,alg(X,Z(n)) −→ S
′(k),
there is a unique homomorphism of semi-abelian varieties a : S −→ S′ such that a ◦ φ = φ′ holds.
We prove the following existence theorem.
Theorem 1.1 (Theorems 2.24 and 2.25). Let X be any connected scheme of dimension dX over an alge-
braically closed field k. Then, there exists a universal regular homomorphism
Φm,nc,X : H
m
c,alg(X,Z(n)) −→ Alg
m,n
c,X (k)
1
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if m ≤ n+ 2. If X is smooth, the universal regular homomorphism exists for (m,n) = (2dX , dX) as well.
This generalizes the existence known for smooth proper connected schemes for (m,n) = (2, 1) and (4, 2).
If X is smooth, proper and connected, the target Alg2,1c,X of the universal regular homomorphism Φ
2,1
c,X is the
Picard variety Pic0X,red of X and Φ
4,2
c,X is the algebraic representative in codimension two constructed by
Murre ([Mur, Theorem A]).
For an arbitrary smooth connected scheme X, we show under the assumption of resolution of singularities
that Alg2dX ,dXc,X is canonically isomorphic to Serre’s generalized Albanese variety (Proposition 2.26). As a
corollary, or more precisely, as a corollary to the homological version (which does not depend on resolution
of singularities) of Proposition 2.26, the covariant functoriality of Albanese varieties with respect to scheme
morphisms extends to that with respect to morphisms of motives (Corollary 2.27). Along the way, we shall
also give a motivic proof of the classical fact (Corollary 2.12) that algebraic equivalence relation of cycles
can be defined by parametrization by abelian varieties.
For the case where (m,n) = (2, 1) and X is smooth, we relate the universal regular homomorphism with
the relative Picard group of a good compactification of X (Definition 3.12). Suppose that X is a smooth
connected scheme over k with a good compactification X¯ with the non-empty boundary divisor Z, and let
Pic0
X¯,Z,red
be the reduction of the identity component of the group scheme representing the functor that
sends T ∈ Sch/k to the relative Picard group Pic(T × X¯, T ×Z) considered in [B-VS] (see Proposition 3.8).
We obtain the following theorem.
Theorem 1.2 (Proposition 3.15, Theorem 3.16). Assume resolution of singularities. If X is as above, then
there is a canonical regular homomorphism
φ0 : H
2
c,alg(X,Z(1)) −→ Pic
0
X¯,Z,red(k).
It is universal and, in fact, it is an isomorphism.
This, in particular, implies the independence of Pic0
X¯,Z,red
from the choice of a good compactification of
X.
With this interpretation of Alg2,1c,X , we show, in Theorem 3.25, that the maximal abelian subvariety of
Alg2,1c,X is uniquely isomorphic to Alg
2,1
c,P,X , the target of the variant of the universal regular homomorphism
defined by “proper parametrization” (Definitions 3.17 and 3.19).
Convention. Schemes are assumed separated and of finite type over some field, and morphisms of schemes
are those over the base field. A scheme X pointed at x means a pair of scheme X and a rational point x on X.
A group scheme is considered pointed at the unit unless otherwise noted. A curve means a connected scheme
of pure dimension one over a field. The letter k stands for an algebraically closed field unless otherwise noted.
For an arbitrary scheme X over k and integers m and n, by motivic homology and cohomology with
or without compact supports, we mean the following four theories introduced in [V00] (but we follow the
notation in [MVW]):
• motivic homology: Hm(X,Z(n)) := HomDM−
Nis
(k)(Z(n)[m],M(X)),
• motivic cohomology: Hm(X,Z(n)) := HomDM−Nis(k)
(M(X),Z(n)[m]),
• motivic homology with compact supports: HBMm (X,Z(n)) := HomDM−
Nis
(Z(n)[m],M c(X)),
• motivic cohomology with compact supports: Hmc (X,Z(n)) := HomDM−Nis(k)
(M c(X),Z(n)[m]).
The index m is called a degree and n a twist. We simply write DM for DM−Nis(k).
By resolution of singularities, we mean that the base field k “admits resolution of singularities” in the
sense of [FV, Definition 3.4]:
• For any scheme X over k, there is a proper surjective morphism Y −→ X such that Y is a smooth
scheme over k.
• For any smooth scheme X over k and abstract blow-up q : X ′ −→ X, there exists a sequence of
blow-ups with smooth centers p : Xn −→ · · · −→ X1 = X such that p factors through q.
These conditions are satisfied over any field of characteristic zero (Ibid. Proposition 3.5) by Hironaka’s
resolution of singularities ([Hi]).
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2. Universal regular homomorphisms
In this section, we define the algebraic part of motivic cohomology with compact supports of an arbitrary
connected scheme and study its basic properties. We then consider regular homomorphisms, a version of
rational homomorphisms in [Sam, Section 2.5] (see also [Mur, Definition 1.6.1]) in our context. We prove
the existence of universal regular homomorphisms in the indices including those corresponding to zero cycles
and cycles of codimensions one and two. To motivate our discussion, let us review the case of smooth proper
schemes.
2.1. The case of smooth proper schemes. For a smooth proper connected schemeX over an algebraically
closed field k, Zr(X) denotes the free abelian group generated by the set of cycles of codimension r. The
Chow group CHr(X) of X in codimension r is defined as the group Zr(X)/∼rat of rational equivalence
classes of cycles [F, Sections 1.3 and 1.6]. There is another coarser equivalence relation on Zr(X) called
algebraic equivalence [F, Section 10.3]. The cycles algebraically equivalent to zero form a subgroup of Zr(X),
and its image Ar(X) in CHr(X) is called the algebraic part of CHr(X). It is by definition that we have the
equality
(1) Ar(X) =
⋃
T, smooth, proper
connected
{CH0(T )
0 × CHr(T ×X) −→ CHr(X)},
where the map sends a pair (
∑
i niti, Y ) ∈ CH0(T )
0 × CHr(T × X) to
∑
niYti ∈ CH
r(X). Here, Yti is
the pullback of Y along ti × idX : X ∼= Spec k ×X −→ T ×X, i.e. the image of the intersection of cycles
(ti ×X) · Y ∈ CH
dimT+r(T ×X) under the proper pushforward along the projection T ×X −→ X.
A regular homomorphism relates Ar(X) with an abelian variety. It is a group homomorphism from
Ar(X) to the group of rational points A(k) of an abelian variety A such that any family of cycles in Ar(X)
parametrized by a smooth proper scheme T gives rise to a scheme morphism from T to A. More precisely,
Definition 2.1 ([Sam, Section 2.5]; see also [Ha, Section 4] and [Mur, Definition 1.6.1]). Let A be an
abelian variety over k. A group homomorphism φ : Ar(X) −→ A(k) is called regular if, for any smooth
proper connected scheme T over k pointed at a rational point t0, and for any cycle Y ∈ CHr(T ×X), the
composition
T (k)
wY−→ Ar(X)
φ
−→ A(k),
where wY maps t ∈ T (k) to Yt − Yt0 , is induced by a scheme morphism T −→ A.
A regular homomorphism φ : Ar(X) −→ A(k) is said universal ([Sam, Section 2.5, Remarque (2)]) if
for any regular homomorphism φ′ : Ar(X) −→ A′(k), there is a unique homomorphism of abelian varieties
a : A −→ A′ such that a ◦ φ = φ′. The universal regular homomorphism, if it exists, is called the algebraic
representative of Ar(X) (or of X in codimension r) and written as
ΦrX : A
r(X) −→ AlgrX(k).
We also refer to the target abelian variety AlgrX itself as the algebraic representative.
Remark 2.2 ([Sam, Section 2.5, Remarque (2)] and [Mur, Section 1.8 and Theorem A]). For any smooth
proper connected scheme X of dimension dX , the algebraic representative exists if r = 1, 2 or dX .
For r = 1, it is given by the isomorphism
w−1P : A
1(X)
∼=
−→ Pic0X,red(k),
where P ∈ CH1(Pic0X,red ×X) is the divisor corresponding to the Poincare´ bundle on Pic
0
X,red ×X.
The case r = dX coincides with the Albanese map (see Proposition 2.26 for a motivic treatment of this
fact)
albX : A
dX (X) −→ AlbX(k),
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i.e. the map sending
∑
i ni ·xi ∈ A
dX (X) to
∑
i niap(xi) ∈ AlbX(k), where ap : X −→ AlbX is the canonical
map that sends p ∈ X(k) to the unit 0 ∈ AlbX(k). As ap = aq + ap(q) for all rational points p and q of X
by the universality of Albanese varieties, the Albanese map albX is independent of the choice of p.
The algebraic representatives carry information on the algebraic parts of Chow groups in the following
sense.
Theorem 2.3. Let X be a smooth proper connected scheme over k. The algebraic representative
ΦrX : A
r(X) −→ AlgrX(k)
is an isomorphism if r = 1 and induces an isomorphism on torsion if r = dimX. If k = C, then it is an
isomorphism on torsion for r = 2 as well.
Proof. The case r = 1 is the theory of Picard varieties (see [Kl, Proposition 9.5.10]). The case r = dimX is
known as Rojtman’s theorem [Ro, Bl, Mi82]. (In these references, schemes are assumed projective, but the
claim for proper schemes follows from the projective case by Chow’s lemma because both Chow groups of
zero cycles and Albanese varieties of smooth proper schemes are birational invariants.) The codimension 2
case (over C) is due to Murre [Mur, Theorem C]. While the surjectivity is immediate from the construction,
the injectivity is proved by relating the torsion part of Alg2X(C) with e´tale cohomology by Artin’s comparison
theorem ([SGA4, Expose´ XI, The´ore`me 4.4]) with the aid of Griffiths’s intermediate Jacobian and then using
the theorem of Merkurjev-Suslin on norm residue homomorphisms ([MS]). 
2.2. The algebraic part. We define the algebraic part of motivic cohomology groups with compact supports
Hmc (X,Z(n)).We shall simply write DM for Voevodsky’s tensor triangulated categoryDM
−
Nis(k) of motives
over k ([MVW, p.110]).
Let X and T be schemes over k. We consider the map
PT : H0(T,Z)×HomDM (M(T )⊗M
c(X),Z(n)[m]) −→ Hmc (X,Z(n))
that sends a pair (Z, Y ) with Z ∈ H0(T,Z)
def
= HomDM (Z,M(T )) and Y ∈ HomDM (M(T )⊗M c(X),Z(n)[m])
to the composition
Y ◦ (Z ⊗ idMc(X)) :M
c(X) ∼= Z⊗M c(X)
Z⊗idMc(X)
−→ M(T )⊗M c(X)
Y
−→ Z(n)[m]
in HomDM (M
c(X),Z(n)[m])
def
= Hmc (X,Z(n)).
The structure morphism of T induces the degree map deg : H0(T,Z) −→ H0(k,Z) ∼= Z. We set
H0(T,Z)0 := ker(deg). Below, we shall identify the zero-th motivic homology H0(T,Z) with the Suslin
homology H0(C∗Ztr(T )(k)) by the canonical isomorphism.
Definition 2.4. Let X be a connected scheme over k and T be a class of connected k-schemes. The algebraic
part by T-parametrization of the motivic cohomology group with compact supports Hmc (X,Z(n)) is defined
as
Hmc,T(X,Z(n)) :=
⋃
T∈T
im{H0(T,Z)
0 ×HomDM (M(T )⊗M
c(X),Z(n)[m])
PT−→ Hmc (X,Z(n))}.
If T is the class of connected smooth schemes, Hmc,T(X,Z(n)) is written as H
m
c,alg(X,Z(n)) and simply
called the algebraic part of Hmc (X,Z(n)).
Proposition 2.5. Let X be a connected scheme over k. If a class T of connected schemes is closed un-
der product (for example, the class of smooth connected schemes), then Hmc,T(X,Z(n)) is a subgroup of
Hmc (X,Z(n)).
Proof. We need to show that Hmc,T(X,Z(n)) is closed under addition and taking inverses. For taking inverses,
let x ∈ Hmc,T(X,Z(n)). Then, there is a connected scheme T, Z ∈ H0(T,Z)
0 and Y ∈ HomDM (M(T ) ⊗
M c(X),Z(n)[m]) such that x = Y ◦ (Z ⊗ idMc(X)). Now, by the additivity of the category DM, we have
−x = Y ◦ (−Z ⊗ idMc(X)) ∈ H
m
c,T(X,Z(n)).
For the closedness under addition, take another x′ ∈ Hmc,T(X,Z(n)), and choose a connected scheme T
′,
an element Z ′ ∈ H0(T,Z)0 and Y ′ ∈ HomDM (M(T ′)⊗M c(X),Z(n)[m]) such that x′ = Y ′ ◦ (Z ′⊗ idMc(X)).
It is clear that x+ x′ belongs to Hmc,T(X,Z(n)) if Y = Y
′. We shall reduce the general case to this.
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Let us write Z =
∑
i niti and Z
′ =
∑
i n
′
it
′
i with ni, n
′
i ∈ Z, ti ∈ T (k) and t
′
i ∈ T
′(k), and choose s ∈ T (k)
and s′ ∈ T ′(k). Define
Y ′′ := Y ◦ (p⊗ idMc(X)) + Y
′ ◦ (p′ ⊗ idMc(X))
∈ HomDM (Z⊗M
c(X),Z(n)[m])
∼= HomDM (M
c(X),Z(n)[m]),
where p :M(T×T ′) −→M(T ) and p′ :M(T×T ′) −→M(T ′) are the morphisms induced by the projections.
Consider the diagram
M(T )⊗M c(X)
Y
''PP
PP
PP
PP
PP
PP
M c(X) ∼= Z⊗M c(X)
∑
ni(ti×s
′)⊗id//
∑
niti⊗id
//
∑
nis
′⊗id=0 //
M(T × T ′)⊗M c(X)
p⊗id
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
p′⊗id
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
Y ′′ // Z(n)[m]
M(T ′)⊗M c(X)
Y ′
77♥♥♥♥♥♥♥♥♥♥♥♥
with
∑
nis
′ ⊗ id = 0 because
∑
i ni = 0. We have
x = Y ◦
(∑
i
niti ⊗ idMc(X)
)
= Y ◦
(∑
i
niti ⊗ idMc(X)
)
+ Y ′ ◦
(∑
i
nis
′ ⊗ idMc(X)
)
= Y ◦ (p⊗ idMc(X)) ◦
(∑
i
ni(ti × s
′)⊗ idMc(X)
)
+ Y ′ ◦ (p′ ⊗ idMc(X)) ◦
(∑
i
ni(ti × s
′)⊗ idMc(X)
)
=
(
Y ◦ (p⊗ idMc(X)) + Y
′ ◦ (p′ ⊗ idMc(X))
)
◦
(∑
i
ni(ti × s
′)⊗ idMc(X)
)
= Y ′′ ◦
(∑
i
ni(ti × s
′)⊗ idMc(X)
)
.
Similarly, we have
x′ = Y ′′ ◦
(∑
i
n′i(s× t
′
i)⊗ idMc(X)
)
.
Therefore, we conclude that
x+ x′ = Y ′′ ◦
((∑
i
ni(ti × s
′) +
∑
i
n′i(s× t
′
i)
)
⊗ idMc(X)
)
∈ Hmc,T(X,Z(n)).

For smooth proper schemes, our definition of algebraic part agrees with the classical notion.
Lemma 2.6. Let T(1) be the subclass of T consisting of schemes of dimension one. If T is either the class
of connected smooth schemes or that of connected smooth proper schemes, we have
Hmc,T(X,Z(n)) = H
m
c,T(1)
(X,Z(n)).
Proof. The group Hmc,T(X,Z(n)) is clearly generated by the set
G :=
⋃
T∈T
im{DT ×HomDM (M(T )⊗M
c(X),Z(n)[m])
PT−→ Hmc (X,Z(n))},
where DT is the subset of H0(T,Z)0 consisting of the classes of zero cycles of the form t1− t2 (t1, t2 ∈ T (k)).
Suppose that x ∈ G. Then, it is the image of some t1−t2 ∈ DT and Y ∈ HomDM (M(T )⊗M c(X),Z(n)[m])
under PT . By [Mum, Chapter II, Section 6, Lemma], there is a smooth connected curve C (which can be
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chosen to be proper if T is proper) with a morphism f : C −→ T whose image contains t1 and t2. By the
commutativity of the diagram
H0(C,Z)0
f∗

× HomDM (M(C)⊗M c(X),Z(n)[m])
PC // Hmc (X,Z(n))
H0(T,Z)0 × HomDM (M(T )⊗M c(X),Z(n)[m])
f∗
OO
PT // Hmc (X,Z(n)),
we can see that x is the image of the pair c1 − c2 ∈ H0(C,Z)0 (ci is any preimage of ti) and f∗(Y ) ∈
HomDM (M(C)⊗M c(X),Z(n)[m]) under PC . Therefore, we have the inclusion G ⊂ Hmc,T(1)(X,Z(n)).
Thus, it remains to show that Hmc,T(1)(X,Z(n)) is closed under taking inverses and addition. By the same
argument as the proof of Proposition 2.5, we can show that it is indeed closed under taking inverses and
that, for any x and y ∈ Hmc,T(1)(X,Z(n)), there are T ∈ T (in this case, T may be taken to be a product of
two curves in T(1)), Z ∈ H0(T,Z)
0 and Y ∈ HomDM (M(T )⊗M c(X),Z(n)[m]) such that x+ y is the image
of the pair (Z, Y ) under
PT : H0(T,Z)
0 ×HomDM (M(T )⊗M
c(X),Z(n)[m]) −→ Hmc (X,Z(n)).
We would like to replace T with a curve in T(1). Since Z is of degree zero, it is the class of a zero cycle of
the form
t1 + t2 + · · ·+ tr − tr+1 − · · · − t2r,
with ti ∈ T (k) for which we allow repetition. If r = 0, there is nothing to prove because then x+ y = 0. We
may thus assume that r ≥ 1. Consider the r-th power T r = T×· · ·×T ∈ T, the i-th projections pi : T r −→ T
and rational points t+ := (t1, · · · , tr) and t− := (tr+1, · · · , t2r) on T
r. Pulling back Y along each pi and
summing them up, we obtain the morphism of motives
r∑
i=1
Y ◦ (pi ⊗ idMc(X)) :M(T
r)⊗M c(X)
pi⊗idMc(X)
−→ M(T )⊗M c(X)
Y
−→ Z(n)[m].
Now, the image of the pair t+ − t− ∈ H0(T r,Z)0 and this morphism under
PT r : H0(T
r,Z)0 ×HomDM (M(T
r)⊗M c(X),Z(n)[m]) −→ Hmc (X,Z(n))
is nothing but x+ y.
Find a curve C′ ∈ T(1) with a morphism f
′ : C′ −→ T r such that the image contains t+ and t− as in the
second paragraph of the present proof and proceed similarly. We may see that x+ y is in the image of
PC′ : H0(C
′,Z)0 ×HomDM (M(C
′)⊗M c(X),Z(n)[m]) −→ Hmc (X,Z(n)).
Therefore, Hmc,T(1)(X,Z(n)) is closed under addition. 
Proposition 2.7. Suppose that X is a smooth proper connected scheme over k. Then, there is a natural
isomorphism
H2rc,alg(X,Z(r))
∼=
−→ Ar(X).
Proof. The isomorphism is given by restricting the natural isomorphism for smooth X
H2rc (X,Z(r)) = H
2r(X,Z(r))
F
−→ CHr(X)
in [MVW, Theorem 19.1].
Recall that, by definition,
Ar(X) :=
⋃
T, sm, conn
proper
im{CH0(T )
0 × CHr(T ×X)
pullback
−→ CHr(X)},
where the map sends a pair of
∑
i niti ∈ CH0(X)
0 and Y ∈ CHr(T×X) to
∑
i niYti . Here, Yti is the pullback
of Y along ti × idX . The (contravariant) naturality of the comparison map F implies the commutativity of
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the diagram
H0(T,Z)0 × HomDM (M(T )⊗M c(X),Z(r)[2r])
F ∼=

PT // H2rc (X,Z(r))
F ∼=

CH0(T )
0 × CHr(T ×X)
pullback // CHr(X)
for all smooth and proper schemes X and T. Therefore, F induces an isomorphism
H2rc,P(X,Z(r)) −→ A
r(X),
where P is the class of smooth proper connected schemes.
We claim that H2rc,P(X,Z(r)) = H
2r
c,alg(X,Z(r)). By definition, we have the inclusion H
2r
c,P(X,Z(r)) ⊂
H2rc,alg(X,Z(r)). For the other inclusion H
2r
c,P(X,Z(r)) ⊃ H
2r
c,alg(X,Z(r)), by Lemma 2.6, it is enough to
prove
H2rc,{smooth proper curves}(X,Z(r)) ⊃ H
2r
c,{smooth curves}(X,Z(r)).
It is enough to observe the surjectivity of i∗ in the following commutative diagram for a smooth curve C
and its smooth compactification i : C →֒ C¯ :
H0(C,Z)0
i∗

× HomDM (M(C)⊗M
c(X),Z(r)[2r])
PC // H2rc (X,Z(r))
H0(C¯,Z)0 × HomDM (M(C¯)⊗M c(X),Z(r)[2r])
i∗
OO
PC¯ // H2rc (X,Z(r)).
But the map i∗ is surjective because there is a commutative diagram
HomDM (M(C¯)⊗M c(X),Z(r)[2r])
i∗ //
F ∼=

HomDM (M(C)⊗M c(X),Z(r)[2r])
F ∼=

CHr(C ×X)
i∗ // // CHr(C¯ ×X)

If (m,n) 6= (2r, r), then Hmc,alg(X,Z(n)) and H
m
c,P(X,Z(n)) do not agree even for smooth proper X (see
Remark 3.18). We study more about algebraic part by P-parametrization in Subsection 3.4.
For smooth proper connected schemes X over k, we have AdX (X) = CH0(X)
0. This extends to our
non-proper setting.
Proposition 2.8. Let X be a smooth connected scheme of dimension dX over k. Under the assumption
of resolution of singularities, there is a canonical morphism (induced by the Friedlander-Voevodsky duality
isomorphism)
H2dXc,alg(X,Z(dX))
∼= H0(X,Z)
0.
Proof. The duality isomorphism for smooth X ([V00, Theorem 4.3.7 (3)])
M c(X)∗ ∼=M(X)(−dX)[−2dX ]
gives the isomorphism
H2dXc,alg(X,Z(dX))
∼=
⋃
T, smooth
connected
im{H0(T,Z)
0 ×HomDM (M(T ),M(X))
composition
−→ H0(X,Z)}.
Since X is smooth and connected, we have (the first inclusion is via the above isomorphism)
H2dXc,alg(X,Z(dX)) ⊃ im{H0(X,Z)
0 ×HomDM (M(X),M(X))
composition
−→ H0(X,Z)}
⊃ im{H0(X,Z)
0 × {idM(X)} −→ H0(X,Z)}
= H0(X,Z)
0.
For the other inclusion, we need to show that for any smooth connected scheme T, any a ∈ HomDM (Z,M(T ))
with strT ◦ a = 0 (strT : M(T ) → Z is the morphism induced by the structure morphism of T ) and any
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b ∈ HomDM (M(T ),M(X)), the composition b◦a belongs to H0(X,Z)0, i.e. the large triangle of the diagram
in DM
Z
a //
0
""❉
❉❉
❉❉
❉❉
❉❉
M(T )
strT

b // M(X)
strX
zz✉✉✉
✉✉
✉✉
✉✉
✉
Z
is commutative if the left triangle is commutative.
Since T is smooth and connected, the group HomDM (M(T ),Z) ∼= Z is generated by strT . Thus, there is
an integer n such that strX ◦ b = n · strT . Hence, strX ◦ b ◦ a = n · strT ◦ a = 0. 
Remark 2.9. Note that Proposition 2.8 is valid up to p-torsion even without resolution of singularities by
the Friedlander-Voevodsky duality with Z[ 1p ]-coefficients proved in [Ke, Theorem 5.5.14 (3)].
Proposition 2.10. Let X be a connected scheme over k. Then, the group Hmc,alg(X,Z(n)) is divisible.
Proof. Any element of Hmc,alg(X,Z(n)) is the image of some element of H0(C,Z)
0 for some smooth curve C
by Lemma 2.6. Thus, it suffices to show that H0(C,Z)0 is divisible. If C is proper, it is a consequence of
the Abel-Jacobi theorem. If C is not proper, take the smooth compactification C →֒ C¯ with Z := C¯ \ C
endowed with the induced reduced structure. The localization sequence for motivic cohomology with compact
supports yields
· · · −→
⊕
k∗ −→ H0(C,Z)
f
−→ H0(C¯,Z) −→ 0.
This gives the short exact sequence
0 −→ ker f −→ H0(C,Z)
0 −→ H0(C¯,Z)
0 −→ 0
The kernel of f is divisible because it is an image of
⊕
k∗, and H0(C¯,Z)0 is also divisible by the smooth
proper case. Hence, the middle group is divisible as well. 
In the rest of this section, we show that certain classes of algebraic groups are enough to define algebraic
part.
Proposition 2.11. Let X be a connected scheme over k and S be the class of semi-abelian varieties over
k. Then,
Hmc,alg(X,Z(n)) = H
m
c,S(X,Z(n)).
Proof. The inclusion “⊃” is obvious. We show the other inclusion. By Lemma 2.6, it is enough to show that
Hmc,{smooth curves}(X,Z(n)) ⊂ H
m
c,S(X,Z(n)).
Let x ∈ Hmc,{smooth curves}(X,Z(n)). Then there are a smooth affine curve C, Z ∈ H0(C,Z)
0 and Y ∈
HomDM (M(C) ⊗M c(X),Z(n)[m]) such that x = Y ◦ (Z ⊗ idMc(X)). (If we find a proper curve C, just
remove one point not supporting the divisor Z.) In other words, we have the equality
Hmc,{smooth curves}(X,Z(n)) = H
m
c,{smooth affine curves}(X,Z(n)).
Let Cl be the l-th power and C(l) the l-th symmetric power of the curve C. Write the quotient morphism
as f : Cl −→ C(l) and the diagonal as ∆ : C −→ Cl. Let us also write α, β and γ for PC(l) , PCl and PC ,
respectively. Consider the following diagram.
H0(C
(l),Z)0 × HomDM (M(C(l))⊗M c(X),Z(n)[m])
−◦f

α
−→ Hmc (X,Z(n))
H0(C
l,Z)0
f◦−
OO
× HomDM (M(Cl)⊗M c(X),Z(n)[m])
−◦tΓf
UU
−◦∆

β
−→ Hmc (X,Z(n))
H0(C,Z)0
∆◦−
OO
× HomDM (M(C)⊗M
c(X),Z(n)[m])
−◦P
UU
γ
−→ Hmc (X,Z(n)).
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Here, P :=
∑
i=1,··· ,l pi, where pi : C
l −→ C is the i-th projection and the summation is taken in
HomDM (M(C
l),M(C)). The transpose tΓf of the graph Γf of f is a finite correspondence from C
(l) to
Cl because f : Cl −→ C(l) is a finite surjective morphism ([Mi86, Propositions 3.1 and 3.2]).
By inspection, we may see that tΓf ◦ f ◦∆ =t Γf ◦ (f ◦∆) = a ·∆ in Cork(C,Cl) (a is the intersection
multiplicity). Since P ◦∆ = l · idC , we have P ◦t Γf ◦ f ◦∆ = P ◦ (a ·∆) = a · l · idC .
Therefore, since γ(Z, Y ) = x, the commutativity of the straight (uncurved) arrows and “ = ” in the
diagram gives
α(f ◦∆ ◦ Z, Y ◦ (P ⊗ idMc(X)) ◦ (
tΓf ⊗ idMc(X)))
= γ(Z, Y ◦ (P ⊗ idMc(X)) ◦ (
tΓf ⊗ idMc(X)) ◦ (f ⊗ idMc(X)) ◦ (∆⊗ idMc(X)))
= γ(Z, Y ◦ ((P ◦t Γf ◦ f ◦∆)⊗ idMc(X)))
= γ(Z, l · a · Y )
= l · a · x.
Thus, we have a commutative diagram
H0(C
(l),Z)0
αY ◦P◦tΓf // Hmc (X,Z(n))
H0(C,Z)0
f◦∆◦−
OO
γl·a·Y
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
where αY ◦P◦tΓf := α(−, Y ◦ (P ⊗ idMc(X))◦ (
tΓf ⊗ idMc(X)) and γl·m·Y := γ(−, l ·m ·Y ). Therefore, we have
im(αY ◦P◦tΓf ) ⊃ im(γl·a·Y ) = l · a · im(γY ) = im(γY ).
The last equality holds because H0(C,Z)0 is divisible. Since this is true for all Y ∈ HomDM (M(C) ⊗
M c(X),Z(n)[m]), we conclude that im(α) ⊃ im(γ).
Now, since C is an affine curve, C(l) is an affine bundle over the smooth connected commutative algebraic
group Pic0(C+) if l is sufficiently large by [Wi, Appendix] (C+ := C¯
∐
C¯\C Spec k for a smooth compacti-
fication C¯ of C). By Chevalley’s theorem (see [BLR, Chapter 9, Section 2, Theorem 1]), there is a smooth
connected affine commutative algebraic subgroup L of Pic0(C+). By [Bo, Theorem 10.6 (i) and (ii)], L has
a connected unipotent algebraic subgroup U such that the quotient L/U is a torus. Hence, the quotient
Pic0(C+)/U is a semi-abelian variety. Moreover, by [Bo, Corollary 15.5 (ii)], there is a composition series
consisting of connected algebraic subgroups
U = U0 ⊃ U1 ⊃ · · · ⊃ Un = {e}
such that each quotient algebraic group Ui/Ui+1 is isomorphic to Ga. We are given with the exact sequence
0 −→ Ga(∼= Un−1) −→ Pic
0(C+) −→ Pic0(C+)/Un−1 −→ 0
of algebraic groups. Now, Pic0(C+) is a Ga-torsor (in the fppf topology) over Pic0(C+)/Un−1. Since Ga-
torsors are representable by [Mi80, Chapter III, Theorem 4.3(a)] and the canonical map
H1Zar(Pic
0(C+)/Un−1,Ga) −→ H
1
fppf (Pic
0(C+)/Un−1,Ga)
is an isomorphism by [Mi80, Chapter III, Proposition 3.7], Pic0(C+) is a Ga-torsor over Pic0(C+)/Un−1 in
the Zariski topology as well.
Therefore, by the Mayer-Vietoris exact triangle ([MVW, (14.5.1)]) and the A1-homotopy invariance in
DM, we see that the canonical map
M(q) :M(Pic0(C+)) −→M(Pic0(C+)/Un−1)
is an isomorphism. Repeating this process, we obtain the canonical isomorphism
M(Pic0(C+))
∼=
−→M(Pic0(C+)/U).
Now, the isomorphisms
M(C(l))
∼=
−→M(Pic0(C+))
∼=
−→M(Pic0(C+)/U)
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mean that
im(α) = im{H0(Pic
0(C+)/U,Z)0 ×HomDM (M(Pic
0(C+)/U)⊗M c(X),Z(n)[m]) −→ Hmc (X,Z(n))}.
This equality holds for all smooth affine curves C. Since Pic0(C+)/U is a semi-abeian variety, we conclude
Hmc,S(X,Z(n)) ⊃ H
m
c,{smooth affine curves}(X,Z(n)) = H
m
c,{smooth curves}(X,Z(n)).

As a corollary, we recover the following well-known fact (see, for example, [La, p.60, Theorem 1]) on
algebraic equivalence of cycles.
Corollary 2.12. Let X be a smooth proper connected scheme over k and A be the class of abelian varieties
over k. Then,
Ar(X) =
⋃
A∈A
im{CH0(A)
0 × CHr(A×X)
pullback
−→ CHr(X)}.
Proof. The right hand side is canonically isomorphic to H2rc,A(X,Z(r)) under the comparison map [MVW,
Theorem 19.1]. By Propositions 2.7 and 2.11, the left hand side is isomorphic to H2rc,S(X,Z(r)). Thus, it is
enough to prove that⋃
S∈S
im{H0(S,Z)
0 ×HomDM (M(S)⊗M(X),Z(r)[2r])
PS−→ H2r(X,Z(r))}
=
⋃
A∈A
im{H0(A,Z)
0 ×HomDM (M(A)⊗M(X),Z(r)[2r])
PA−→ H2r(X,Z(r))}.
We claim that for a semi-abelian variety S with the Chevalley decomposition 0 → Gsm → S → A → 0,
there is an inclusion
im{H0(S,Z)
0 ×HomDM (M(S)⊗M(X),Z(r)[2r])
PS−→ H2r(X,Z(r))}
⊂ im{H0(A,Z)
0 ×HomDM (M(A)⊗M(X),Z(r)[2r])
PA−→ H2r(X,Z(r))}.
We show this by induction on the torus rank s. If s = 0, the claim is trivial. Suppose that the claim is
true for semi-abelian varieties of torus rank s−1 and let S be a semi-abelian variety with torus rank s. Now,
there is a short exact sequence of algebraic groups
0 −→ Gm −→ S −→ S
′ −→ 0
with a semi-abelian variety S′ of torus rank s− 1.
By a similar argument as in the proof of Proposition 2.11—this time with Hilbert’s Satz 90 ([Mi80, Chapter
III, Proposition 4.9]) instead of [Ibid., Chapter III, Proposition 3.7]—we can see that S is a Gm-torsor over
S′ in the Zariski topology. Hence, there is an associated line bundle p : E −→ S′ with the zero section
s : S′ −→ E such that E \ s(S′) ∼= S. By the A1-homotopy invariance, p induces an isomorphism of motives
M(E)
∼=
−→M(S′).
Hence, we have the commutative diagram
H0(S,Z)0
inc∗

× HomDM (M(S)⊗M(X),Z(r)[2r])
PS−→ H2r(X,Z(r))
H0(E,Z)0
p∗ ∼=

× HomDM (M(E)⊗M(X),Z(r)[2r])
−◦(inc⊗idM(X))
OOOO
PE−→ H2r(X,Z(r))
H0(S
′,Z)0 × HomDM (M(S′)⊗M(X),Z(r)[2r])
−◦(p⊗idM(X)) ∼=
OO
PS′−→ H2r(X,Z(r)).
The upper middle map is surjective because it can be identified with the pullback of Chow groups
CHr(E ×X) −→ CHr(S ×X)
along the open immersion S ×X →֒ E ×X. The commutativity of the diagram implies that
im(PS) ⊂ im(PS′).
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Since the torus rank of S′ is s− 1, the induction hypothesis gives the inclusion
im(PS′ ) ⊂ im{H0(A,Z)
0 ×HomDM (M(A)⊗M(X),Z(r)[2r])
PA−→ H2r(X,Z(r))}.
Therefore, the claim is proved. 
2.3. Regular homomorphisms. The classical definition of regular homomorphisms (Definition 2.1) readily
generalizes to our setting.
Definition 2.13. Let X be a connected scheme over k and let S be a semi-abelian variety over k. A group
homomorphism φ : Hmc,alg(X,Z(n)) −→ S(k) is called regular if for any smooth connected scheme T pointed
at t0 ∈ T (k) and for any Y ∈ HomDM (M(T )⊗M c(X),Z(n)[m]), the composition
T (k)
wY−→ Hmc,alg(X,Z(n))
φ
−→ S(k)
is induced by some scheme morphism T −→ S. Here, the map wY sends t ∈ T (k) = HomSch/k(Spec k, T )
to the morphism of motives Y ◦ (t⊗ idMc(X))− Y ◦ (t0 ⊗ idMc(X)) :
M c(X) ∼= Z⊗M c(X)
t⊗idMc(X)−t0⊗idMc(X)
−→ M(T )⊗M c(X)
Y
−→ Z(n)[m],
where t and t0 are regarded as morphisms from Z
def
= M(k) to M(T ) in DM.
A regular homomorphism φ : Hmc,alg(X,Z(n)) −→ S(k) is said universal if for any regular homomorphism
φ′ : Hmc,alg(X,Z(n)) −→ S
′(k), there is a unique homomorphism of semi-abelian varieties a : S −→ S′ such
that a ◦ φ = φ′.
Definition 2.14. The universal regular homomorphism, if it exists, is written as
Φm,nc,X : H
m
c,alg(X,Z(n)) −→ Alg
m,n
c,X (k).
The target semi-abelian variety Algm,nc,X is called the semi-abelian representative of H
m
c,alg(X,Z(n)).
For smooth proper schemes X, under the assumption of resolution of singularities, the universal regular
homomorphism Φ2r,rc,X agrees with the algebraic representative Φ
r
X for the Chow group reviewed in Subsec-
tion 2.1 (Proposition 3.23).
Proposition 2.15. Let X be a connected scheme over k. Then, given a regular homomorphism
φ : Hmc,alg(X,Z(n)) −→ S(k),
there is a semi-abelian variety S0 (pointed at the unit) and Y0 ∈ HomDM (M(S0) ⊗M
c(X),Z(n)[m]) such
that im(φ ◦ wY0) = im(φ).
Proof. We follow the method of [Mur, Proof of Lemma 1.6.2 (i)]. Consider the diagram
S′(k)
wY ′−→ Hmc,alg(X,Z(n))
φ
−→ S(k)
where S′ is a semi-abelian variety (pointed at the unit) and Y ′ ∈ HomDM (M(S′)⊗M c(X),Z(n)[m]). Since
the composition is induced by a homomorphism of semi-abelian varieties, the image of φ◦wY ′ has a structure
of a semi-abelian variety.
Choose S0 and Y0 such that the dimension of im(φ ◦ wY0) is maximal among such diagrams. We claim
that they have the desired property im(φ ◦ wY0) = im(φ).
Suppose that im(φ ◦ wY0) 6= im(φ). Then, there is an element x ∈ H
m
c,alg(X,Z(n)) such that φ(x) /∈
im(φ ◦ wY0). Using Proposition 2.11, we can find a semi-abelian variety S1 and Y1 ∈ HomDM (M(S1) ⊗
M c(X),Z(n)[m]) such that φ(x) ∈ im(φ ◦ wY1).
Now, let us put
S2 := S0 × S1
and
Y2 := Y0 ◦ (p0 ⊗ idMc(X)) + Y1 ◦ (p1 ⊗ idMc(X)),
where pi : M(S0 × S1) −→ M(Si) (i = 0, 1) is the morphism induced by the i-th projection. Also, let
e : H0(S0,Z)0 −→ H0(S0 × S1,Z)0 be the map that sends the class of
∑
i nixi (ni ∈ Z and xi ∈ S0(k))
to that of
∑
i ni(xi × 0), where 0 denotes the basepoint (i.e. the unit) of S1. (Note that the product
S2 := S0 × S1 is a semi-abelian variety. Indeed, if it is not semi-abelian, then S0 × S1 contains Ga as an
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algebraic subgroup. However, if neither S0 nor S1 allows imbedding Ga →֒ Si, there cannot be a nontrivial
imbedding Ga →֒ S0 × S1.) Observe that we are given with the commutative diagram
H0(S0,Z)0 wY0
''
e
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆
H0(S2,Z)0 wY2
// Hmc,alg(X,Z(n)) φ
// S(k)
Therefore, im(φ◦wY2 ) ⊃ im(φ◦wY0 ). Similarly, we have im(φ◦wY2) ⊃ im(φ◦wY1). Since φ(x) ∈ im(φ◦wY1 )
but φ(x) 6∈ im(φ ◦ wY0) and im(φ ◦ wY2) and im(φ ◦ wY0) are semi-abelian subvarieties (in particular, closed
and irreducible subvarieties) of S, these inclusions imply that dim im(φ ◦ wY2) > dim im(φ ◦ wY0). This is a
contradiction. 
Corollary 2.16. If φ : Hmc,alg(X,Z(n)) −→ S(k) is a regular homomorphism, then the image of φ has a
structure of a semi-abelian subvariety of S.
Proof. By Proposition 2.15, there are semi-abelian variety S0 and morphism Y0 ∈ HomDM (M(S0) ⊗
M c(X),Z(n)[m]) such that im(φ) = im(φ ◦ wY0). Since φ ◦ wY0 is a homomorphism between semi-abelian
varieties, its image im(φ) is a semi-abelian variety. 
Remark 2.17. Even if we had allowed regular homomorphisms to take a larger class of algebraic groups
for the targets in Definition 2.13, Corollary 2.16 still holds because it basically depends only on Proposi-
tion 2.11. Thus, considering only the class of semi-abelian varieties in defining regular homomorphisms is
not a restriction.
Proposition 2.18. Suppose Φm,nc,X : H
m
c,alg(X,Z(n)) −→ Alg
m,n
c,X (k) is the universal regular homomorphism.
Then, it is surjective, and it also induces a surjective homomorphism on the torsion parts.
Proof. The surjectivity of Φm,nc,X is immediate from Corollary 2.16. As for the claim on the torsion parts,
by Proposition 2.15, there is a semi-abelian variety S0 and a surjective homomorphism, say, f : S0(k) −→
Algm,nc,X (k) that factors through H
m
c,alg(X,Z(n)). Since the kernel of f is an extension of a finite group by a
divisible group, we have ker(f)⊗Q/Z = 0. This implies that f induces a surjection on the torsion parts. 
Remark 2.19. There is a homological analogue of Subsections 2.2 and 2.3. For motivic homology Hi(X,Z(j))
of any connected scheme X, we define the algebraic part by
Halgi (X,Z(j)) =
⋃
T, smooth
connected
im{H0(T,Z)
0 ×HomDM (M(T )(j)[i],M(X)) −→ Hi(X,Z(j))},
where the map sends z ∈ H0(T,Z)0 and Y ′ ∈ HomDM (M(T )(j)[i],M(X)) to the composition
Y ′ ◦ (z ⊗ Z(j)[i]) : Z⊗ Z(j)[i]
z⊗Z(j)[i]
−→ M(T )⊗ Z(j)[i]
Y ′
−→M(X).
By a regular homomorphism φ′ : Halgi (X,Z(j)) −→ S(k) (S is a semi-abelian variety), we mean a group
homomorphism such that the composition
T (k)
vY ′−→ Halgi (X,Z(j))
φ′
−→ S(k)
(The map vY ′ sends t ∈ T (k) to Y
′ ◦ ((t − t0) ⊗ Z(j)[i])) is induced by a scheme morphism for any smooth
connected scheme T pointed at t0 and for any morphism Y
′ ∈ HomDM (M(T )(j)[i],M(X)). The initial
regular homomorphism ΦXi,j : H
alg
i (X,Z(j)) −→ Alg
X
i,j(k) among all regular homomorphisms for a fixed
Halgi (X,Z(j)) is, if it exists, said universal as before.
The theory for motivic cohomology with compact supports and that for motivic homology are equivalent
for smooth schemes via the Friedlander-Voevodsky duality ([V00, Theorem 4.3.7 (3)]). We have already seen
a special case in the proof of Proposition 2.8. Let X be a smooth connected scheme of dimension d. Suppose
m+ i = 2d and n+ j = d. Then, with Voevodsky’s cancellation theorem ([V10]), the Friedlander-Voevodsky
duality isomorphism induces an isomorphism
f : Hmc,alg(X,Z(n))
∼=
−→ Halgi (X,Z(j))
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under resolution of singularities, or unconditionally up to p-torsion by [Ke, Theorem 5.5.14 (3)].
Moreover, a map
φ′ : Halgi (X,Z(j)) −→ S(k)
is regular if and only if
φ := φ′ ◦ f : Hmc,alg(X,Z(n)) −→ S(k)
is regular as can be seen from the commutativity of the following diagram for all smooth connected pointed
schemes T :
T (k)
vY ′ // Halgi (X,Z(j))
φ′ // S(k)
T (k)
wY // Hmc,alg(X,Z(n))
f ∼=
OO
φ // S(k)
where Y ∈ HomDM (M(T ) ⊗M
c(X),Z(n)[m]) and Y ′ ∈ HomDM (M(T )(j)[i],M(X)) are any morphisms
corresponding to each other under the duality isomorphism and the cancellation theorem.
Therefore, we may conclude that φ is universally regular if and only if φ′ is universally regular. In
particular, Algm,nc,X is isomorphic to Alg
X
i,j by a unique isomorphism.
2.4. Existence of universal regular homomorphisms. We prove the existence of universal regular
homomorphisms Φm,nc,X : H
m
c,alg(X,Z(n)) −→ Alg
m,n
c,X (k) for m ≤ n+ 2 for all connected schemes X, and for
(m,n) = (2 dimX, dimX) for all smooth connected schemes X. We use the methods of Serre [Se], Saito [Sai]
and Murre [Mur].
We consider an analogue of a maximal morphism ([Se, De´finition 2]), which we shall call a maximal
homomorphism (Definition 2.20). We characterize the universal regular homomorphism as the maximal
homomorphism whose target semi-abelian variety has the maximal dimension (Proposition 2.23). This is a
generalization of [Sai, Theorem 2.2] as presented in [Mur, Proposition 2.1] to our context (cf. [Se, The´ore`me
2]). With this criterion, it then remains to bound the dimensions of the targets of maximal homomorphisms to
obtain the existence of universal regular homomorphisms. To achieve this, we use the Beilinson-Lichtenbaum
conjecture which is now a theorem by the work of Rost, Voevodsky and others.
Throughout this subsection, X is an arbitrary connected scheme over k.
Definition 2.20. A regular homomorphism φ : Hmc,alg(X,Z(n)) −→ S(k) is calledmaximal if it is surjective
and for any factorization
S′(k)
∀π, isogeny

Hmc,alg(X,Z(n)) φ
//
∀ regular
88♣♣♣♣♣♣♣♣♣♣♣
S(k),
π is an isomorphism.
Lemma 2.21. Let φ : Hmc,alg(X,Z(n)) −→ S(k) be a regular homomorphism. Then, there is a factorization
Hmc,alg(X,Z(n))
φ //
g
&&◆◆
◆◆
◆◆
◆◆
◆◆
S(k)
S′(k)
h
<<①①①①①①①①
where g is a maximal homomorphism and h is a finite morphism.
Proof. We follow the proof of [Se, The´ore`me 1]. By Corollary 2.16, we may assume that φ is surjective. If
φ is maximal, there is nothing to prove.
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If φ is not maximal, there is a factorization
S1(k)
π1

Hmc,alg(X,Z(n)) φ
// //
φ1, regular
88 88♣♣♣♣♣♣♣♣♣♣♣
S(k),
where π1 is an isogeny that is not an isomorphism. Note that φ1 is surjective because π1 is an isogeny. If φ1
is maximal, there is nothing more to do.
Repeat this process. Suppose that we obtain an infinite tower
...
π3, isog., not an isom.

S2(k)
π2, isog., not an isom.

S1(k)
π1, isog, not an isom.

Hmc,alg(X,Z(n)) φ
// //
φ1, reg.♣♣♣♣
88 88♣♣♣♣
φ2, reg.
✁✁✁✁✁✁✁✁✁
@@ @@✁✁✁✁✁✁✁✁✁
S(k).
By Proposition 2.15, choose a semi-abelian variety S0 and Y0 ∈ HomDM (M(S0) ⊗M c(X),Z(n)[m]) such
that φ ◦ wY0 is surjective. Then, since πi’s are isogeny, φi ◦ wY0 is surjective for all i.
Then, we obtain the diagram of function fields
...
K(S2)
Rr
✟✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
?
not an isom.
OO
K(S1)
L l
zz✉✉✉
✉✉
✉✉
✉✉
?
not an isom.
OO
K(S0) K(S)?
_oo
?
not an isom.
OO
Therefore, we have
K(S0) ⊃
⋃
i≥1
K(Si) ⊃ K(S),
where the extension
⋃
i≥1K(Si)/K(S) is not finitely generated. However, the extension K(S0)/K(S) is
finitely generated. Since a subextension of a finitely generated field extension is finitely generated ([Se,
Lemme 1]), this is a contradiction. 
We need one more lemma.
Lemma 2.22. Let φ : Hmc,alg(X,Z(n)) −→ S(k) be a surjective regular homomorphism and φ
′ : Hmc,alg(X,Z(n)) −→
S′(k) be any regular homomorphism. Then, there is at most one scheme morphism f : S −→ S′ that makes
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the following diagram commute:
(2) Hmc,alg(X,Z(n))
φ // //
φ′ &&◆◆
◆◆
◆◆
◆◆
◆◆
S(k)
f

S′(k).
Proof. Choose a semi-abelian variety S0 and Y0 ∈ HomDM (M(S0)⊗M(X),Z(n)[m]) as in Proposition 2.15.
Then, since φ◦wY0 : S0 −→ S is a morphism between connected smooth schemes and all fibers have the same
dimension, it is flat by [Ma, Corollary to Theorem 23.1]. It is also surjective, so it is a strict epimorphism.
In particular,
i : HomSch(S, S
′)
−◦φ◦wY0−→ HomSch(S0, S
′)
is injective.
Suppose that there is another f ′ : S −→ S′ that makes the diagram (2) commute. Then, f and f ′ are
sent to the same element under the injection i : f ◦ φ ◦ wY0 = φ
′ ◦ wY0 = f
′ ◦ φ ◦ wY0 . Hence, f = f
′. 
Proposition 2.23. There is a universal regular homomorphism for Hmc,alg(X,Z(n)) if and only if there is a
constant c such that the inequality dimS ≤ c holds for any maximal homomorphism
φ : Hmc,alg(X,Z(n)) −→ S(k).
In fact, the maximal homomorphism with a maximal dimensional target is the universal regular homo-
morphism.
Proof. “ ⇒ ” is clear. We prove the converse by combining the arguments for [Se, The´ore`me 2] and [Mur,
Proposition 2.1].
Let φ0 : H
m
c,alg(X,Z(n)) −→ S0(k) be a maximal homomorphism with the maximal dimensional target
S0. Suppose that φ : H
m
c,alg(X,Z(n)) −→ S(k) is a regular homomorphism.
Now, since φ0×φ : Hmc,alg(X,Z(n)) −→ (S0×S)(k) is also regular, by Lemma 2.21, there is a factorization
φ0 × φ : H
m
c,alg(X,Z(n))
g, max.
−→ S1(k)
i, fin.
−→ (S0 × S)(k)
with some maximal homomorphism g.
Consider the commutative diagram
S0(k)
Hmc,alg(X,Z(n))
g, max.// //
φ0, max.
11 11
φ --
S1(k)
i //
isom.
99rrrrrrrrrr
%%▲▲
▲▲
▲▲
▲▲
▲▲
(S0 × S)(k)
p0
OO
p

S(k)
Since p0 ◦ i is surjective and S0 has the maximal dimension, we must have dimS0 = dimS1. Hence, p0 ◦ i
is an isogeny. Since φ0 is a maximal homomorphism, p0 ◦ i is an isomorphism. We put
r := (p0 ◦ i)
−1 : S0 −→ S1,
and define h := p ◦ i ◦ r : S0 −→ S. Then,
h ◦ φ0 = p ◦ i ◦ r ◦ φ0
= p ◦ i ◦ g
= φ.
By Lemma 2.22, h is the only scheme morphism for which φ = h◦φ0 holds. Therefore, φ0 is the universal
regular homomorphism for Hmc,alg(X,Z(n)). 
Theorem 2.24. Let X be any connected scheme over k. Then, there is a universal regular homomorphism
for Hmc,alg(X,Z(n)) if m ≤ n+ 2.
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Proof. By Proposition 2.23, it suffices to show that the dimensions of the target semi-abelian varieties of
surjective regular homomorphisms are bounded.
Let φ : Hmc,alg(X,Z(n)) −→ S(k) be a surjective regular homomorphism. By Proposition 2.15, we may
choose a semi-abelian variety S0 and Y0 ∈ HomDM (M(S0)⊗M c(X),Z(n)[m]) such that the composition
f : S0(k)
wY0−→ Hmc,alg(X,Z(n))
φ
−→ S(k)
is a surjective homomorphism. We also write the corresponding homomorphism of semi-abelian varieties by
the same symbol f.
Let l be a prime relatively prime to the characteristic of the base field k and the index (ker f : ker f0),
where ker f0 is the identity component (it is a semi-abelian variety) of the group scheme ker f.
Let us look at the l-torsion part:
lS0(k)
lf
55
lwY0 //
lH
m
c,alg(X,Z(n))
lφ //
lS(k).
We claim that lφ is surjective. In fact, lf is surjective. For this, by the snake lemma, it is enough to show
that ker f/l · ker f vanishes. Since ker f0 is a semi-abelian variety and (ker f : ker f0) is prime to l, another
application of the snake lemma to the diagram
0 // ker f0 //
l

ker f //
l

ker f/ ker f0 //
l

0
0 // ker f0 // ker f // ker f/ ker f0 // 0
yields the desired result.
Now, we have
(3) Hm−1c (X,Z/l(n)) // // lH
m
c (X,Z(n)) ⊃ lH
m
c,alg(X,Z(n))
lφ // //
lS(k).
Since the dimension of S is less than or equal to the l-rank of S, it is now enough to prove thatHm−1c (X,Z/l(n))
is finite for any connected scheme X if m ≤ n+ 2.
Let X →֒ X¯ be a Nagata compactification of X with Z := X¯ \X. Since l 6= char k, there is a localization
sequence ([Ke, Proposition 5.5.5])
· · · −→ Hm−2(Z,Z/l(n)) −→ Hm−1c (X,Z/l(n)) −→ H
m−1(X¯,Z/l(n)) −→ · · · .
Therefore, it suffices to show the finiteness of Hm−1(Y,Z/l(n)) (m ≤ n+2) for all connected proper schemes
Y. This follows from the case where Y is irreducible. Indeed, this can be seen by induction on the number
of irreducible components and on the dimension of Y using the abstract blow-up sequence for motivic
cohomology with Z/l-coefficients ([Ke, Proposition 5.5.4]) associated with the abstract blow-up square
Y1 × (
⋃
i6=1 Yi)
//

⋃
i6=1 Yi
inc.

Y1
inc.
// Y =
⋃
i=1,··· ,r Yi,
where Yi’s are the irreducible components of Y and Y1 has the minimal dimension among Yi’s.
Suppose that Y is an irreducible proper scheme. By de Jong’s alteration ([dJ, Theorem 4.1]), there is a
smooth projective scheme Y ′ and a proper surjective morphism h : Y ′ −→ Y with an open dense subscheme
U of Y such that the pullback h′ : U ′ −→ U of h over U is finite and e´tale of degree δ prime to l (choose a
different l if necessary), i.e. there is a pullback square:
Y ′
h

U ′? _
denseoo
h′, fin. e´t. of degree δ

Y U?
_
dense
oo
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The localization sequence associated with the dominant morphism U →֒ Y
· · · −→ Hm−1c (U,Z/l(n)) −→ H
m−1
c (Y,Z/l(n)) −→ H
m−1
c (Y \ U,Z/l(n)) −→ · · ·
implies that the finiteness of Hm−1c (Y,Z/l(n)) follows from the finiteness of H
m−1
c (U,Z/l(n)) by induction
on dimensions because dimY \ U < dimY. This, in turn, follows from the finiteness of Hm−1c (U
′,Z/l(n))
because the composition
Hm−1c (U,Z/l(n))
h′∗
−→ Hm−1c (U
′,Z/l(n))
h′∗−→ Hm−1c (U,Z/l(n))
is the multiplication by δ, which is an isomorphism as δ is prime to l.
Now, the induction on dimension with the localization sequence associated with the dominant morphism
U ′ →֒ Y ′
· · · −→ Hm−2c (Y
′ \ U ′,Z/l(n)) −→ Hm−1c (U
′,Z/l(n)) −→ Hm−1c (Y
′,Z/l(n)) −→ · · ·
implies that the finiteness of Hm−1c (U
′,Z/l(n)) follows from that of Hm−1c (Y
′,Z/l(n)) = Hm−1(Y ′,Z/l(n))
(the equality holds because Y ′ is proper).
By the theorem of Rost and Voevodsky, the Geisser-Levine e´tale cycle map ([GL])
Hm−1(Y ′,Z/l(n)) −→ Hm−1e´t (Y
′, µ⊗nl )
is injective for m ≤ n+2. Since the target e´tale cohomology group is finite by [Mi80, Chapter VI, Corollary
2.8], we obtain the finiteness of Hm−1(Y ′,Z/l(n)). 
Let us deal with the zero cycle case. We assume that the scheme X is smooth to use the Friedlander-
Voevodsky duality theorem.
Theorem 2.25. If X is a smooth connected scheme of dimension d, then H2dc,alg(X,Z(d)) has a universal
regular homomorphism.
Proof. Proceeding as in the proof—particularly the diagram (3)—of Theorem 2.24, we need to show the
finiteness of H2d−1c (X,Z/l(d)). Since X is smooth and l is prime to the characteristic of k, this group is
isomorphic to the motivic homology group H1(X,Z/l) by the Friedlander-Voevodsky duality ([Ke, Theorem
5.5.14]; cf. [V00, Theorem 4.3.7 (3)] under resolution of singularities). But H1(X,Z/l) is finite because its
dual is isomorphic to the finite group H1e´t(X,Z/l) by a theorem of Suslin-Voevodsky ([MVW, Theorem 10.9];
cf. [SV96, Corollary 7.8] under resolution of singularities). 
Proposition 2.26. Assume resolution of singularities. For any smooth connected scheme X of dimension
d over k, the semi-abelian representative Alg2d,dc,X is canonically isomorphic to Serre’s generalized Albanese
variety. In fact, the Albanese map albX is the universal regular homomorphism for H
2d
c,alg(X,Z(d)) (up to
the duality isomorphism H2dc,alg(X,Z(d))
∼= H0(X,Z)0).
Proof. Let id′ ∈ HomDM (M(X)⊗M c(X),Z(d)[2d]) be the element corresponding to id ∈ HomDM (M(X),M(X))
under the Friedlander-Voevodsky duality ([V00, Theorem 4.3.7 (3)]). The composition
X(k)
wid′−→ H2dc,alg(X,Z(d))
Φ2d,dc,X
−→ Alg2d,dc,X (k)
has a structure of a scheme morphism because Φ2d,dc,X is regular. Thus, the universality of generalized Albanese
varieties gives the dotted arrow
X(k)
wid // H0(X,Z)0
albX // AlbX(k)
∃!

X(k)
wid′ // H2dc,alg(X,Z(d))
∼=f
OO
Φ2d,dc,X // Alg2d,dc,X (k)
where the middle vertical isomorphism is the one in Proposition 2.8.
Conversely, we show that albX ◦ f is regular, or equivalently, the composition
(4) T (k)
(Y ◦−)−(Y ◦t0)
−→ H0(X,Z)
0 albX−→ AlbX(k)
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is induced by a scheme morphism for any smooth connected scheme T pointed at t0 and for any morphism
Y ∈ HomDM (M(T ),M(X)).
For Serre’s Albanese variety AlbS, A˜lbS := HomSm/k(−, AlbS) is a homotopy invariant presheaf with
transfers by [SS, Lemma 3.2]. (In loc. cit., the symbol A˜lbS stands for Ramachandran’s Albanese sheaf, but
the lemma is applicable since its proof deals with arbitrary commutative group schemes.) Note that A˜lbS is
a sheaf with respect to the Nisnevich topology by [Mi80, Chapter II, Corollary 1.7].
Let aS,p : S −→ AlbS be the universal morphism that sends a rational point p ∈ S(k) to the unit of AlbS.
Since A˜lbS is a presheaf with transfers, by Yoneda’s lemma, there is a corresponding map
a˜S,p : Ztr(S) −→ A˜lbS
of presheaves with transfers. Taking C∗ and composing with the canonical map C∗A˜lbS −→ A˜lbS, which
exists by the homotopy invariance of A˜lbS, we obtain
(5) ˜˜aS,p : C∗Ztr(S)
a˜S,p
−→ C∗A˜lbS
canon.
−→ A˜lbS .
Composing the map (5) with the inclusions
S˜ := HomSm/k(−, S)
inc.
−→ Ztr(S)
id in deg. 0
−→ C∗Ztr(S)
of complexes of presheaves on Sm/k, we obtain
S˜ −→ C∗Ztr(S)
˜˜aS,p
−→ A˜lbS .
By taking the zero-th cohomology presheaves, this induces the maps
(6) S˜ −→ H0(C∗Ztr(S))
H0(˜˜aS,p)
−→ A˜lbS
of presheaves on Sm/k. By Nisnevich sheafification, this gives
(7) S˜ −→ H0(C∗Ztr(S))Nis
H0(˜˜aS,p)Nis
−→ A˜lbS
Now, let Y : C∗Ztr(T ) −→ C∗Ztr(X) be the morphism in D−(ShNis(Cork)) corresponding to Y ∈
HomDM (M(T ),M(X)) under the canonical isomorphisms
HomDM (M(T ),M(X)) ∼= HomDM (C∗Ztr(T ), C∗Ztr(X))
∼= HomD−(ShNis(Cork))(C∗Ztr(T ), C∗Ztr(X)) (because C∗Ztr(X) is A
1-local).
Passing Y to the zero-th cohomology Nisnevich sheaves, we obtain the genuine map of sheaves on (Sm/k)Nis
(8) H0(Y)Nis : H
0(C∗Ztr(T ))Nis −→ H
0(C∗Ztr(X))Nis.
With the maps (7) for S = X and T (respectively pointed at x0 and t0) and the map (8), we obtain the
diagram with solid arrows:
X˜ // H0(C∗Ztr(X))Nis
H0(˜˜aX,x0 ) // A˜lbX
T˜
i
// H0(C∗Ztr(T ))Nis
H0(˜˜aT.t0)
//
H0(Y)Nis
OO
A˜lbT
∃! h˜
OO
Note that the composition T˜ −→ A˜lbT of the bottom row is nothing but the map induced by aT,t0 : T −→
AlbT . The universality of Serre’s Albanese variety and Yoneda’s lemma implies that there is a unique scheme
morphism h : AlbT −→ AlbX that induces h˜ in the above diagram such that
h˜ ◦H0(˜˜aT,t0) ◦ i = H
0(˜˜aX,x0) ◦H
0(Y)Nis ◦ i.
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Taking the section over Spec k, we obtain the diagram
H0(X,Z)
albX,x0 // AlbX(k)
T (k)
aT,t0
66
ι // H0(T,Z)
albT.t0 //
Y ◦−
OO
AlbT (k)
h
OO
(where ι is the canonical map that sends a rational point of T to its class in the Suslin homology and
albT,t0 := H
0(˜˜aX,x0)(k) and similarly for albX,x0) such that the equality
(9) h ◦ aT,t0 = albX,x0 ◦ (Y ◦ −) ◦ ι
holds. The equation (9) implies that
albX(Y ◦ ι(t) − Y ◦ ι(t0)) = albX,x0 ◦ (Y ◦ ι(t)) − albX,x0 ◦ (Y ◦ ι(t0))
= h ◦ aT,t0(t)− h ◦ aT,t0(t0)
= h ◦ aT,t0(t)− h(0)
for all t ∈ T (k). In other words, the diagram
T (k)
aT,t0
**❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱
(Y ◦−)−(Y ◦t0)// H0(X,Z)0
albX // AlbX(k)
AlbT (k)
h(−)−h(0)
OO
commutes. Thus, the composition (4) is induced by a scheme morphism. 
Proposition 2.26 says that, by Remark 2.19, AlgX0,0 agrees with AlbX under the assumption of resolution
of singularities. However, resolution of singularities is unnecessary for this agreement. Indeed, it was needed
only to use the Friedlander-Voevodsky duality theorem. Working throughout with the homological formu-
lation explained in Remark 2.19, we can prove the homological version of the criterion (Proposition 2.23).
Namely,
For any connected scheme X over k, the universal regular homomorphisms ΦXi,j : H
alg
i (X,Z(j)) −→ Alg
X
i,j(k)
exists if and only if there is a constant c such that for any maximal homomorphism φ : Halgi (X,Z(j)) −→
S(k), we have the inequality dimS ≤ c.
Therefore, as in the proof of Theorem 2.25, the existence of ΦX0,0 : H
alg
0 (X,Z) −→ Alg
X
0,0(k) follows, once
one shows that the Suslin homology H1(X,Z/l) is finite for primes l 6= char k. If X is smooth, this follows
from the finiteness of H1e´t(X,Z/l) by [MVW, Theorem 10.9]. Now, Alg
X
0,0 agrees with AlbX by the very
argument after the diagram (4) in the proof of Proposition 2.26—the part which does not use resolution of
singularities. (If we assume resolution of singularities, the homological universal regular homomorphism ΦX0,0
exists for all connected schemes X. It can be seen by reducing the finiteness of H1(X,Z/l) to the case where
X is smooth by induction on the dimension of X using the blow-up exact sequence for Suslin homology
associated with a resolution of singularities of X.)
Since AlgX0,0 is by definition covariantly functorial in X with respect to morphisms in DM, we conclude
that the covariant functoriality of Albanese varieties with respect to scheme morphisms extends to that with
respect to morphisms of motives:
Corollary 2.27. Let X and Y be any smooth connected schemes. Then, any morphism M(X) −→M(Y ) in
DM functorially induces a homomorphism of semi-abelian varieties AlbX −→ AlbY in the manner compatible
with the usual functoriality of Serre’s Albanese varieties.
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3. Study in codimension one
As we mentioned in Remark 2.2, the algebraic representatives in codimension one of smooth proper
schemes are Picard varieties. We give a similar interpretation to the semi-abelian representative Alg2,1c,X of
an arbitrary smooth scheme X.
3.1. Motivic cohomology with compact supports as cdh hypercohomology. For our purpose, we
interpret motivic cohomology with compact supports as cdh hypercohomology. Let us review the definition
of cdh cohomology with compact supports. Let Sch/k be the category of schemes over k. The cdh-topology
is the minimal Grothendieck topology on Sch/k generated by Nisnevich coverings and abstract blow-up
squares ([FV, Definition 3.2]). The derived category D−(Shcdh(Sch/k)) of bounded above complexes of cdh
sheaves on Sch/k is simply denoted by D−cdh. By cdh sheafification, we mean the composition of the functors
ShZar(Sm/k)
t-sheafification
−→ Sht(Sm/k) −→ Shcdh(Sch/k),
where t signifies the Grothendieck topology obtained by restricting the cdh topology on Sch/k to Sm/k. The
second functor is the left adjoint to the forgetful functor Shcdh(Sch/k) −→ Sht(Sm/k); it is an equivalence
of categories under resolution of singularities because, then, any scheme has a smooth cdh cover ([Ibid., proof
of Lemma 3.6]).
Definition 3.1 ([Ibid., Section 3]). For a bounded above complex F of cdh sheaves on Sch/k, the cdh
cohomology with compact supports of X ∈ Sch/k with coefficients in F is defined as
Hmc (Xcdh,F) := HomD−
cdh
(Zc(X)cdh,F [m]),
where Zc(X)cdh is the cdh sheafification of the presheaf that sends an irreducible scheme U to the free abelian
group Zc(X)(U) generated by closed subschemes Z of U ×X such that the projection Z −→ U is an open
immersion.
Proposition 3.2. Under resolution of singularities, for any X ∈ Sch/k and any non-negative integers m
and n, there is an isomorphism
Hmc (X,Z(n))
∼=−→ Hmc (Xcdh,Z(n)cdh),
where Z(n)cdh is the cdh sheafification of Voevodsky’s motivic complex Z(n)
def
= C∗Ztr(G∧nm )[−n] ([MVW,
Definition 3.1]).
Proof. If X is proper, this is [MVW, Theorem 14.20] (see also [SV, Theorem 5.14]).
For a non-proper X, choose a compactification X →֒ X¯ with Z := X¯ \ X. For any scheme S ∈ Sch/k,
consider the composition fm,nS of maps
HomDM (M
c(S),Z(n)[m])
(a)
= HomD−(ShtrNis(Sm/k))(zequi(S, 0),Z(n)[m])
(b)
→ HomD−(ShNis(Sm/k))(Z
c(S),Z(n)[m])
(c)
→ HomD−(Sht(Sm/k))(Z
c(S)t,Z(n)t[m])
(d)
∼= HomD−(Shcdh(Sch/k))(Z
c(S)cdh,Z(n)cdh[m]).
Here, (a) is an equality by the Nisnevich variant of [MVW, Lemma 9.19] because Z(n)
def
= C∗Ztr(G∧nm )[−n]
is an A1-local object by [MVW, Corollary 14.9]. (b) is induced by the inclusion Zc(S) →֒ zequi(S, 0).
(c) is induced by the t-sheafification, and (d) is due to the equivalence of categories between Sht(Sm/k)
and Shcdh(Sch/k). By the construction, f
m,n
S is functorial in S with respect to pushforwards along proper
morphisms and pullbacks along flat morphisms. Therefore, fm,nS is a chain map between the long exact
sequence induced by the localization triangle
M c(Z) −→M c(X¯) −→M c(X)
[+1]
−→
in DM ([MVW, Theorem 16.15]) and that induced by the short exact sequence
(10) 0 −→ Z(Z)cdh −→ Z(X¯)cdh −→ Z
c(X)cdh −→ 0,
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in D−(Shcdh(Sch/k)) ([FV, Corollary 3.9]):
// Hm−1(X¯,Z(n)) //
fm−1,n
X¯
∼=

Hm−1(Z,Z(n)) //
fm−1,n
Z
∼=

Hmc (X,Z(n))
fm,n
X

// Hm−1cdh (X¯,Z(n)cdh)
// Hm−1cdh (Z,Z(n)cdh)
// Hmc (Xcdh,Z(n)cdh)
// Hm(X¯,Z(n)) //
fm,n
X¯
∼=

Hm(Z,Z(n))
fm,n
Z
∼=

//
// Hmcdh(X¯,Z(n)cdh) // H
m
cdh(Z,Z(n)cdh) //
The four arrows between the cohomology groups without compact supports in the above diagram are iso-
morphisms by the proper case. Hence, the middle map is also an isomorphism. 
Remark 3.3. Let F be a bounded above complex of cdh sheaves on Sch/k and let I• be the total complex
of a Cartan-Eilenberg resolution of F in Shcdh(Sch/k). In view of the short exact sequence (10) in the proof
of Proposition 3.2, we can express the cdh cohomology with compact supports more explicitly as
Hmc (Xcdh,F) ∼= H
n(cone(I•(X¯) −→ I•(Z))[−1]).
Now, our interest in this section is the cohomology group H2c (X,Z(1)) for a smooth scheme X. In order
to study this group with Proposition 3.2, we would like to know Z(1)cdh explicitly.
Lemma 3.4. Suppose that X ∈ Sch/k is a simple normal crossing divisor on some smooth scheme. Then,
under resolution of singularities, the restriction Z(1)cdh,X of Z(1)cdh to the small Zariski site on X is quasi-
isomorphic to the Zariski sheaf Gm,X [−1] of units on X.
Proof. There is a quasi-isomorphismZ(1)
qis
−→ Gm[−1] of complexes of presheaves on Sm/k ([MVW, Theorem
4.1]). Therefore, we need to show that the restriction of the cdh sheafification of Gm to the small Zariski site
on X agrees with Gm,X , i.e. the canonical map a : Gm,X −→ Gm,cdh,X on XZar is an isomorphism. If X
is smooth, this follows from [MVW, Proposition 13.27] since Gm has the structure of a homotopy invariant
Nisnevich sheaf with transfers.
For the injectivity, it is enough to show that for any affine open subscheme U = Spec A of X, the
map a induces an injection aU : Gm,X(U) →֒ Gm,cdh,X(U). Let Uj’s be the irreducible components of U
corresponding to the minimal ideals pj’s of A. Note that {Uj −→ U}j is a cdh cover by smooth schemes Uj
as X is a strict normal crossing divisor. Now, consider the composition
A∗ = Gm,X(U)
aU−→ Gm,cdh,X(U)
res
→֒
∏
j
Gm,cdh,X(Uj) =
∏
(A/pj)
∗.
The last equality follows from the smooth case. Suppose that s ∈ Gm,X(U) = A
∗ is mapped to the unit
under aU . Then, the image of s under the above composition of maps is also, of course, the unit 1. This
means that s− 1 ∈
⋂
j pj =
√
(0). Since U is reduced, we conclude that s = 1.
For the surjectivity, first note that X is equidimensional and the lemma is true if d = 0 or r = 1 by the
case where X is smooth. We proceed by induction on the number r of irreducible components of X and the
dimension d of X.
Suppose that the lemma holds for r ≤ r0 and for dimensions less than that of X.We prove the surjectivity
of a for a strict normal crossing divisor X with r0 + 1 irreducible components X0, X1, · · · , Xr0 . Let us put
Y := X1 ∪ · · · ∪Xr0 and consider the abstract blow-up with all arrows closed immersions
X0 ∩ Y
i′ //
p′

Y
p

X0
i
// X
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Put f := p ◦ i′. There is a commutative diagram of Zariski sheaves on X :
(11) 0 // Gm,cdh,X
(p♯,i♯) // p∗Gm,cdh,Y ⊕ i∗Gm,cdh,X0
p′♯
i′♯ //
ind. hypo.
f∗Gm,cdh,X0∩Y
smaller dim. case
Gm,X
(p♯,i♯) //
 ?
a
OO
p∗Gm,Y ⊕ i∗Gm,X0
p′♯
i′♯ // f∗Gm,X0∩Y
where the upper row is exact because the blow-up square is a cdh cover.
For the surjectivity of a, it suffices to show the exactness of the lower row in the diagram (11). We may
do this at the stalks. Let x ∈ X be a closed point of X and R := OX,x be the stalk of the structure sheaf at
x. Let us only deal with the case where x lies in X0 ∩Y because the other case where x 6∈ X0 ∩Y is simpler.
(An argument as below shows that, if x 6∈ X0 ∩ Y, the map (p♯, i♯) : Gm,X −→ p∗Gm,Y ⊕ i∗Gm,X0 induces
an isomorphism on stalks.)
In this case, since X is a simple normal crossing divisor, OX0.x = R/(f), where f is the defining equation
of X0, and OYx = R/(g) for g :=
∏
i=1,···s gi where gi is the defining equations of the irreducible components
of Y passing through x. We need to show that
R∗ −→ (R/(f))∗ ⊕ (R/(g))∗ −→ (R/(f, g))∗
is exact. Suppose that (t¯, t¯′) ∈ (R/(f))∗ ⊕ (R/(g))∗ is mapped to the unit in (R/(f, g))∗. Since R is a local
ring, t¯ and t¯′ are respectively represented by units t and t′ in R. Therefore, there exist elements a and b in
R such that t/t′ − 1 = af + bg. Hence, we have t− t′af = t′ + t′bg =: t0. The element t0 is invertible in the
local ring R because t is invertible and t′af belongs to the maximal ideal. Since t0 ∈ R∗ is mapped to (t¯, t¯′)
under the first arrow, the exactness follows. 
3.2. Relative Picard groups. We need the following results on relative Picard groups.
Definition 3.5 ([SV96, Section 2]). For X ∈ Sch/k and a closed subscheme Z
i
→֒ X, the relative Picard
group Pic(X,Z) is the group consisting of isomorphism classes of pairs (L, u), where L is a line bundle on
X and u is a trivialization u : L|Z
∼=
−→ OZ . The group structure is given by the tensor product. The pair
(L, u) is called a line bundle on (X,Z).
Lemma 3.6. Suppose that i : Z →֒ X is a closed subscheme of a scheme X over k. Then, there is a canonical
isomorphism
Pic(X,Z) ∼= H1Nis(X, cone(Gm,X −→ i∗Gm,Z)[−1]).
Proof. By [SV96, Lemma 2.1], we have a canonical isomorphism
Pic(X,Z) ∼= H1Zar(X, cone(Gm,X −→ i∗Gm,Z)[−1])
∼=
−→ H1e´t(X, cone(Gm,X −→ i∗Gm,Z)[−1]).
induced by the change of sites. Consider the factorization
H1Zar(X, cone(Gm,X −→ i∗Gm,Z)[−1])
change of sites

∼= // H1e´t(X, cone(Gm,X −→ i∗Gm,Z)[−1])
H1Nis(X, cone(Gm,X −→ i∗Gm,Z)[−1])
change of sites
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
Since the change of sites maps of a sheaf cohomology in degree one are injective, all the arrows in the diagram
are isomorphisms. 
Definition 3.7. Let X and Z be as above. The relative Picard functor of the pair (X,Z) is the functor
PicX,Z : Sch/k −→ Ab
that sends T ∈ Sch/k to the relative Picard group Pic(T ×X,T × Z).
On the representability of the relative Picard functor, the following is known.
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Proposition 3.8 ([B-VS, Lemma 2.1 and Appendix]). Let X be a connected smooth proper scheme over k
and let Z be a non-empty simple normal crossing divisor on X. Then, the relative Picard functor PicX,Z is
representable by a group scheme locally of finite type over k.
The group scheme representing the relative Picard functor PicX,Z is denoted by the same symbol PicX,Z .
The identity component Pic0X,Z has the following structure.
Proposition 3.9 ([B-VS, Proposition 2.2]). Let X be a connected smooth proper scheme over k and let Z
be a non-empty simple normal crossing divisor with irreducible components Zi on X. Then, the maximal
reduced subscheme Pic0X,Z,red of the identity component of PicX,Z is a semi-abelian variety over k such that
there is an exact sequence
0 −→ TX,Z −→ Pic
0
X,Z,red −→ AX,Z −→ 0,
where TX,Z is the torus over k representing the functor
Sch/k ∋ T 7→ coker{Gm(T ×X) −→ Gm(T × Z)} ∈ Ab,
and AX,Z is the abelian variety (ker{Pic0X −→
⊕
i Pic
0
Zi
})0red.
3.3. Universal regular homomorphisms in codimension one. By relative Nisnevich cohomology, we
mean the following.
Definition 3.10. Let F be a bounded above complex of Nisnevich sheaves on Sch/k. For a closed immersion
Z →֒ X, the relative Nisnevich cohomology of the pair (X,Z) with coefficients in F is defined as
HmNis(X,Z;F) := H
m(cone(I•(X) −→ I•(Z))[−1]),
where I• is the total complex of a Cartan-Eilenberg resolution of F in ShNis(Sch/k).
It is clear from the definition that there is a long exact sequence of cohomology groups
· · · −→ HmNis(X,F) −→ H
m
Nis(Z,F) −→ H
m+1
Nis (X,Z;F) −→ H
m+1
Nis (X,F) −→ · · · .
Let us interpret relative Picard groups in terms of relative Nisnevich cohomology.
Proposition 3.11. Let i : Z →֒ X be a closed subscheme of X over k. Then, there is a canonical isomorphism
Pic(X,Z) ∼= H1Nis(X,Z;Gm).
Proof. Let Gm −→ I• be an injective resolution in ShNis(Sch/k). Then, its restriction Gm,X −→ I
•
X to the
small Nisnevich site XNis on X is also an injective resolution, and similarly, so is Gm,Z −→ I
•
Z on ZNis.
Since i : Z →֒ X is a closed immersion, i∗ : Sh(ZNis) −→ Sh(XNis) is exact and preserves injectives (for
its left adjoint i∗ is exact). Therefore, i∗Gm,Z −→ i∗I
•
Z is an injective resolution on XNis. Hence,
Pic(X,Z) ∼= H1Nis(X, cone(Gm,X −→ i∗Gm,Z)[−1]) (by Lemma 3.6)
∼= H1Nis(X, cone(I
•
X −→ i∗I
•
Z)[−1])
= H1(cone(I•(X) −→ I•(Z))[−1])
= H1Nis(X,Z;Gm).

Definition 3.12. A smooth connected scheme X over k is said to have a good compactification if there
is a smooth proper scheme X¯ with an open immersion X →֒ X¯ such that Z := X¯ \X is a simple normal
crossing divisor on X¯.
Suppose that X¯ is a smooth proper scheme and Z is a simple normal crossing divisor on X¯. We now give
a motivic interpretation of the relative Picard functor PicX¯,Z restricted to Sm/k (Proposition 3.14). Let us
start with a lemma.
Lemma 3.13. Under resolution of singularities, for arbitrary schemes X and T, there is a canonical iso-
morphism natural in T
HomDM (M(T )⊗M
c(X),Z(n)[m])
∼=
−→ HomD−(Shcdh(Sch/k))(Z(T )cdh ⊗ Z
c(X)cdh,Z(n)cdh[m]).
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Proof. For any scheme S ∈ Sch/k, there is a composition, which we call fm,nT,S , of canonical maps
HomDM (M(T )⊗M
c(S),Z(n)[m])
def
= HomDM (Ztr(T )⊗ Z
c
tr(S),Z(n)[m])
(a)
= HomD−(Shtr
Nis
(Sm/k))(Ztr(T )⊗ zequi(S, 0),Z(n)[m])
(b)
→ HomD−(ShNis(Sm/k))(Z(T )⊗ Z
c(S),Z(n)[m])
(c)
→ HomD−(Sht(Sm/k))(Z(T )t ⊗ Z
c(S)t,Z(n)t[m])
(d)
∼= HomD−(Shcdh(Sch/k))(Z(T )cdh ⊗ Z
c(S)cdh,Z(n)cdh[m]).
Here, (a) is an equality by the Nisnevich variant of [MVW, Lemma 9.19] because Z(n) is an A1-local object
by [MVW, Corollary 14.9]. (b) is induced by the inclusions Z(T ) →֒ Ztr(T ) and Zc(S) →֒ zequi(S, 0). (c)
is induced by the t-sheafification, and (d) is due to the equivalence of categories between Sht(Sm/k) and
Shcdh(Sch/k) (see the first paragraph of Subsection 3.1). By the construction, f
m,n
T,S is functorial in T
with respect to pushforwards along all morphisms and functorial in S with respect to pushforwards along
proper morphisms and pullbacks along flat morphisms. Therefore, the localization triangles in DM ([MVW,
Theorem 16.15]) and in D−(Shcdh(Sch/k)) ([FV, Corollary 3.9]) associated with a good compactification
X →֒ X¯ of X with the boundary divisor Z give rise to the commutative diagram (Note that DM is a tensor
triangulated category ([MVW, p.110]), and −⊗Z(T )cdh is exact in Shcdh(Sch/k) because Z(T ) is a presheaf
of free abelian groups and sheafification is exact.)
// Hm−1(T × X¯,Z(n)) //
fm−1,n
T,X¯
∼=

Hm−1(T × Z,Z(n)) //
fm−1,n
T,Z
∼=

HomDM (M(T )⊗M c(X),Z(n)[m])
fm,n
T,X

// Hm−1cdh (T × X¯, Z˜(n))
// Hm−1cdh (T × Z, Z˜(n))
// HomD−
cdh
(Z˜(T )⊗ Z˜c(X), Z˜(n)[m])
// Hm(T × X¯,Z(n)) //
fm,n
T,X¯
∼=

Hm(T × Z,Z(n))
fm,nT,Z ∼=

//
// Hmcdh(T × X¯, Z˜(n)) // H
m
cdh(T × Z, Z˜(n)) //
where “ ∼ ” stands for the cdh sheafification. The four arrows between the cohomology groups are isomor-
phisms by [MVW, Theorem 14.20], so the middle map is also an isomorphism. 
Proposition 3.14. Let X and T be smooth schemes over k and let X¯ be a good compactification of X with
the boundary divisor Z. Under resolution of singularities, there is an isomorphism natural in T ∈ Sm/k
F : Pic(T × X¯, T × Z)
∼=
−→ HomDM (M(T )⊗M
c(X),Z(1)[2])
such that F fits in the commutative diagram
H0Nis(T × Z,Gm) //
∼= change of sites

Pic(T × X¯, T × Z) //
F

H1Nis(T × X¯,Gm)
∼= change of sites

H1cdh(T × Z,Z(1)cdh) // HomDM (M(T )⊗M
c(X),Z(1)[2]) // H2cdh(T × X¯,Z(1)cdh).
Proof. Let Gm,cdh −→ I
• be an injective resolution in Shcdh(Sch/k) and Gm −→ J • in ShNis(Sch/k). Since
I• is still a complex of injective sheaves when restricted to the Nisnevich site, there is an augmentation-
preserving chain map (unique up to chain homotopy) f : J • −→ I• of complexes of Nisnevich sheaves on
Sch/k.
The short exact sequence
0 −→ Z(T )cdh ⊗ Z(Z)cdh −→ Z(T )cdh ⊗ Z(X¯)cdh −→ Z(T )cdh ⊗ Z
c(X)cdh −→ 0
in Shcdh(Sch/k) induces the top horizontal sequence which is exact in each degree in the following commu-
tative diagram of complexes of presheaves in T ∈ Sm/k with values in Ab (where “ ∼ ” stands for the cdh
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sheafification):
0 // HomShcdh(Z˜(T )⊗ Z˜
c(X), I•) // HomShcdh(
˜Z(T × X¯), I•) // HomShcdh(
˜Z(T × Z), I•) // 0
HomShNis(Z(T × X¯), I
•)
adjunction ∼=
OO
// HomShNis(Z(T × Z), I
•)
adjunction ∼=
OO
cone(h)[−1] //
∃ k in D−(PSh(Sm/k))
OO
HomShNis(Z(T × X¯),J
•)
f◦−
OO
h
// HomShNis(Z(T × Z),J
•)
f◦−
OO
The dotted arrow k exists in the derived category D−(PSh(Sm/k)) of presheaves on Sm/k. Now, taking
cohomology groups, we obtain the following commutative diagram natural in T ∈ Sm/k :
(12) H0Nis(T × X¯,Gm) //
a∼=

H0Nis(T × Z,Gm) //
b∼=

H1Nis(T × X¯, T × Z;Gm)
k′, induced by k

H0cdh(T × X¯, G˜m) // H
0
cdh(T × Z, G˜m) // HomD−
cdh
(Z˜(T )⊗ Z˜c(X), G˜m[1])
// H1Nis(T × X¯,Gm) //
c∼=

H1Nis(T × Z,Gm)
d

//
// H1cdh(T × X¯, G˜m) // H
1
cdh(T × Z, G˜m) //
where all solid vertical arrows induced by the change of sites. Note that the naturality in T follows because
the map k was constructed in the derived category of presheaves.
The maps a and c are isomorphisms by [MVW, Theorem 14.20] and b is by Lemma 3.4. In view of
Proposition 3.11 and Lemma 3.13, it remains to show that the map k′ is an isomorphism. For this, it is
enough to prove that d is injective.
Observe that it suffices to prove that the composition
f : H1Zar(T × Z,Gm)
change of sites
→֒ H1Nis(T × Z,Gm)
d
−→ H1cdh(T × Z, G˜m)
is injective because the first injective map is actually an isomorphism by Hilbert’s Satz 90 ([Mi80, Chapter
III, Proposition 4.9]).
Now, by the construction of d, the map f factors through H1Zar(T × Z, G˜m) as
H1Zar(T × Z,Gm)
i ∼=

f // H1cdh(T ×X, G˜m)
H1Zar(T × Z, G˜m)
(  g, change of sites
55❧❧❧❧❧❧❧❧❧❧❧❧❧
where i is an isomorphism by Lemma 3.4 and g is injective because it is a change of sites in degree one.
Therefore, d is injective. 
We are ready to compare the semi-abelian representative Alg2,1c,X of a smooth scheme X with the relative
Picard variety Pic0
X¯,Z,red
of a good compactification (X¯, Z) of X.
Proposition 3.15. Assume resolution of singularities. For any connected smooth scheme X over k with a
good compactification X¯ with the non-empty boundary divisor Z, the canonical homomorphism
H2c,alg(X,Z(1))
i:=inc
→֒ H2c (X,Z(1))
g
−→ Pic(X¯, Z)
ψ
∼= PicX¯,Z(k)
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(g is the inverse of F in Proposition 3.14 evaluated at T = Spec k, and ψ is as in Proposition 3.8) factors
through Pic0
X¯,Z,red
(k) as
H2c,alg(X,Z(1))
φ0 ((PP
PP
PP
PP
PP
PP
ψ◦g◦i // PicX¯,Z(k)
Pic0
X¯,Z,red
(k)
77♣♣♣♣♣♣♣♣♣♣♣
and the homomorphism φ0 is regular.
Proof. It is enough to show that for any smooth connected scheme T over k pointed at t0 ∈ T (k) and for
any Y ∈ HomDM (M(T )⊗M c(X),Z(1)[2]), the composition
T (k)
wY−→ H2c,alg(X,Z(1))
ψ◦g◦i
−→ PicX¯,Z(k)
is induced by a scheme morphism, where wY is the map defined in Definition 2.13. (It is because, then, the
image of T is connected and contains the identity. And as we already know, Pic0
X¯,Z,red
is a semi-abelian
variety by Proposition 3.9.)
Observe that there is a commutative diagram
T (k)
wY // H2c,alg(X,Z(1))
_
i

H2c (X,Z(1))
g

T (k)
B
F−1(Y ) // Pic(X¯, Z)
ψ // PicX¯,Z(k).
Here, F is the map defined in Proposition 3.14. Let (L, u : L|T×Z ∼= OT×Z) be the line bundle on the pair
(T×X¯, T×Z) that represents F−1(Y ). BF−1(Y ) is defined as the map that sends t ∈ T (k) to (Lt⊗Lˇt0 , ut⊗uˇt0),
where Lt means the pullback of the line bundle along t : Spec k −→ T, ut is the restriction of u to {t} ×X,
and −ˇ signifies the dual of invertible sheaves. The commutativity of the diagram follows from the naturality
of F.
Now, let (P , p) be the Poincare´ bundle, which is by definition the line bundle (P , p) representing the
class in Pic(PicX¯,Z × X¯, P icX¯,Z × Z) corresponding to the identity in HomSch/k(PicX¯,Z , P icX¯,Z). The
representability of the relative Picard functor means that F−1(Y ) is the pullback of (P , p) along some
scheme morphism h : T −→ PicX¯,Z . Hence, we are given with the commutative diagram
(13) T (k)
h &&▼▼
▼▼
▼▼
▼▼
▼▼
▼
B
F−1(Y )// Pic(X¯, Z)
ψ // PicX¯,Z(k)
PicX¯,Z(k)
B(P,p)
OO
id−h(t0)
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
where PicX¯,Z is pointed at h(t0) in defining B(P,p).
Since ψ ◦BF−1(Y ) = (id− h(t0)) ◦ h, we conclude that ψ ◦BF−1(Y ) is induced by a scheme morphism. 
Theorem 3.16. Assume resolution of singularities. If X is a smooth connected scheme over k with a good
compactification X¯ with the non-empty boundary divisor Z, then the regular homomorphism in Proposi-
tion 3.15
φ0 : H
2
c,alg(X,Z(1)) −→ Pic
0
X¯,Z,red(k)
is an isomorphism. In particular, it is the universal regular homomorphism for H2c,alg(X,Z(1)).
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Proof. The injectivity of φ0 follows because ψ ◦ g : H2c (X,Z(1)) −→ PicX¯,Z(k) is an isomorphism. For the
surjectivity, observe that
im(g ◦ i) =
⋃
T, smooth
connected
im{H0(T,Z)
0 × Pic(T × X¯, T × Z)
pullback
−→ Pic(X¯, Z)} =: Picalg(X¯, Z).
Thus, it remains to show that the elements of Picalg(X¯, Z) correspond to the rational points on Pic
0
X¯,Z,red
.
The proof is a modification (in fact, simpler) of that of [Kl, Proposition 9.5.10]. We include the proof for
the convenience of the reader.
Let us consider (L, u) ∈ Pic(X¯, Z) and the corresponding rational point α ∈ PicX¯,Z(k).
Suppose that (L, u) belongs to Picalg(X¯, Z). Then, there are a smooth connected scheme T, rational
points t0, t1 ∈ T (k) and (M, v) ∈ Pic(T × X¯, T × Z) (see the proof of Lemma 2.6) such that
(L, u) = (Mt1 , vt1)− (Mt0 , vt0).
Now, (M, v) defines a morphism τ : T −→ PicX¯,Z , and we have α = τ(t1)− τ(t0). Since τ is continuous, T
is connected, and the image of the map σ := τ(−) − τ(t0) : T (k) −→ PicX¯,Z(k) contains the identity, the
image of σ is contained in the identity component of PicX¯.Z . In particular,
α = τ(t1)− τ(t0)
def
= σ(t1) ∈ Pic
0
X¯,Z(k).
Conversely, suppose that α ∈ Pic0
X¯,Z
(k). The inclusion Pic0
X¯,Z
→֒ PicX¯,Z corresponds to an element
(N , w) ∈ Pic(Pic0
X¯,Z
× X¯, P ic0
X¯,Z
×Z). Then, (Nα, wα) = (L, u) and (N0, w0) = (OX¯ , idOZ ) (The subscript
0 signifies the unit of Pic0
X¯,Z
) because for any rational point s ∈ Pic0
X¯,Z
(k), the diagram
N ∈ Pic(Pic0
X¯,Z
× X¯, P ic0
X¯,Z
× Z)
(−)s

∼= HomSch/k(Pic
0
X¯,Z
, P icX¯,Z) ∋ inc
−◦s

Ns ∈ Pic(Spec k × X¯, Spec k × Z) ∼= HomSch/k(Spec k, P icX¯,Z) ∋ s
commutes. Therefore, we have
(L, u) = (L, u)− (OX¯ , idOZ ) = (Nα, wα)− (N0, w0) ∈ Picalg(X¯, Z).
Thus, the surjectivity of φ0 is shown.
The last assertion of the theorem follows from the first part because there is a commutative diagram:
H2c,alg(X,Z(1))
Φ2,1c,X // //
φ0
isom. ''PP
PP
PP
PP
PP
PP
Alg2,1c,X(k)
∃! by the universality

Pic0
X¯,Z,red
(k)

3.4. Algebraic part by proper parametrization. In this subsection, we study the relation between
the universal regular homomorphism and its variant defined by “proper parametrization”. In the case of
codimension one, we conclude under the assumption of resolution of singularities that this variant is nothing
but the maximal abelian subvariety of the semi-abelian representative Alg2,1c,X if the scheme X is smooth
(Theorem 3.25).
Definition 3.17. Let X be a connected scheme over k. With the notation in Definition 2.4, if T = P is the
class of smooth proper connected schemes over k,
Hmc,P(X,Z(n))
def
=
⋃
T∈P
im{H0(T,Z)
0 ×HomDM (M(T )⊗M
c(X),Z(n)[m])
PT−→ Hmc (X,Z(n))}
is called the algebraic part by proper parametrization of Hmc (X,Z(n)).
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Remark 3.18. We have already seen this group in the proof of Proposition 2.7. There, we proved the
equality
H2rc,P(X,Z(r)) = H
2r
c,alg(X,Z(r))
for any smooth proper scheme X over k and any integer r.
This equality does not hold in general if (m,n) 6= (2r, r). For example, consider any smooth proper con-
nected scheme X over k. By definition, the algebraic part by proper parametrization of H1c (X,Z(1)) is
H1c,P(X,Z(1))
def
=
⋃
T∈P
im{H0(T,Z)
0 ×HomDM (M(T )⊗M
c(X),Z(1)[1])
PT−→ H1c (X,Z(1))}
∼=
⋃
T∈P
im{H0(T,Z)
0 ×O∗(T ×X)
p
−→ O∗(X)},
where p is the pullback of an invertible regular function on T × X along zero cycles of degree zero on T.
Since T ×X is proper and any regular function on a proper connected scheme is constant, p is the zero map.
Hence, we have
H1c,P(X,Z(1)) = 0.
On the other hand, the parametrization by non-proper schemes picks up more elements—in fact, all
elements in this case—of H1c (X,Z(1)). Indeed, we have
H1c,alg(X,Z(1))
def
=
⋃
T,sm. conn.
im{H0(T,Z)
0 ×HomDM (M(T )⊗M
c(X),Z(1)[1])
PT−→ H1c (X,Z(1))}
⊃ im{H0(Gm,Z)
0 ×HomDM (M(Gm)⊗M
c(X),Z(1)[1])
PGm−→ H1c (X,Z(1))}
∼= im{H0(Gm,Z)
0 ×O∗(Gm ×X)
p
−→ O∗(X)}
= O∗(X).
The last equality holds because the map p sends a pair
(g − 1,Gm ×X
proj.
−→ Gm) ∈ H0(Gm,Z)
0 ×O∗(Gm ×X)
to g ∈ O∗(X) = k∗. Therefore, we must have H1c,alg(X,Z(1)) = H
1
c (X,Z(1)) ∼= k
∗.
For any index (m,n), Hmc,P(X,Z(n)) is a subgroup of H
m
c (X,Z(n)) by Proposition 2.5, and it is a divisible
group because any element is in the image of the degree zero part of the zeroth Suslin homology of some
smooth projective curve (see the first two lines of the proof of Proposition 2.10).
Definition 3.19. Let X be a connected scheme over k and let S be a semi-abelian variety over k. A group
homomorphism φ : Hmc,P(X,Z(n)) −→ S(k) is called P-regular if for any smooth proper connected scheme
T over k pointed at t0 ∈ T (k) and for any Y ∈ HomDM (M(T )⊗M c(X),Z(n)[m]), the composition
T (k)
wY−→ Hmc,P(X,Z(n))
φ
−→ S(k)
is induced by some scheme morphism T −→ S.
The universal P-regular homomorphism (defined similarly to Definition 2.13), if it exists, is written as
Φm,nc,P,X : H
m
c,P(X,Z(n)) −→ Alg
m,n
c,P,X(k).
Proposition 3.20. If φ : Hmc,P(X,Z(n)) −→ S(k) is a P-regular homomorphism, then the image of φ has
a structure of an abelian subvariety of S. In particular, if Algm,nc,P,X exists, it is an abelian variety.
Proof. Choose a pointed smooth proper connected scheme T over k and a morphism Y ∈ HomDM (M(T )⊗
M c(X),Z(n)[m]) such that the dimension of im(φ ◦ wY ) is maximal. Then, by the same argument as in
the proof of Proposition 2.15, we may prove that im(φ) = im(φ ◦ wY ). (This time, we do not need to use
Proposition 2.11 so that im(φ ◦ wY ) would be semi-abelian. Instead, we may simply use the fact that the
image of a proper irreducible scheme T is closed and irreducible to derive that im(φ ◦ wY ) is closed and
irreducible in S.)
Now, since the image of the group homomorphism φ is the image of the smooth proper connected scheme
T under a scheme morphism, it has a structure of an algebraic subgroup of the semi-abelian variety S that
is proper over k. Thus, it is an abelian variety. 
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As Definition 2.20, a surjective P-regular homomorphism φ : Hmc,P(X,Z(n)) −→ S(k) (the target S is
automatically an abelian variety by Proposition 3.20), is called maximal if given any factorization
S′(k)
∀π, isogeny

Hmc,P(X,Z(n)) φ
//
∀ P-regular
88qqqqqqqqqqq
S(k),
π is an isomorphism.
Any P-regular homomorphism φ can be factored as
Hmc,P(X,Z(n))
φ //
g
&&▼▼
▼▼
▼▼
▼▼
▼▼
S(k)
S′(k)
h
<<①①①①①①①①
with a maximal P-regular homomorphism g and a finite morphism h. Since we know that the image of φ
has a structure of a scheme by Proposition 3.20, this can be proved as Lemma 2.21.
We also have a version of Lemma 2.22. Namely, for P-regular homomorphisms φ and φ′, there is at most
one scheme morphism f that makes the diagram
Hmc,P(X,Z(n))
φ // //
φ′ &&▼▼
▼▼
▼▼
▼▼
▼▼
S(k)
f

S′(k)
commute. This can be seen by flat descent (see the proof of Lemma 2.22) from the commutative diagram
AlbT (k)
∃!, faithfully flat
(( ((
T (k)
at0oo wY // Hmc,P(X,Z(n)) φ
// //
φ′ &&▼▼
▼▼
▼▼
▼▼
▼▼
S(k)
f

S′(k)
where the smooth proper connected scheme T pointed at t0 and Y ∈ HomDM (M(T ) ⊗M c(X),Z(n)[m])
are such that the composition φ ◦wY : T (k) −→ S(k) is surjective (as in the proof of Proposition 3.20), and
at0 : T −→ AlbT is the canonical morphism that sends t0 to the unit of AlbT .
With these properties at hand, the same argument for the proof of Proposition 2.23 yields:
Proposition 3.21. Suppose that X is a connected scheme over k. Then, there is a universal P-regular
homomorphism for Hmc,P(X,Z(n)) if and only if there is a constant c such that dimS ≤ c for any maximal
P-regular homomorphism
φ : Hmc,P(X,Z(n)) −→ S(k).
In fact, the maximal P-regular homomorphism with a maximal dimensional target is the universal P-
regular homomorphism Φm,nc,P,X .
With this criterion, we obtain the following existence theorem.
Theorem 3.22. Let X be a connected scheme of dimension d over k. Then, there is a universal P-regular
homomorphism
Φm,nc,P,X : H
m
c,P(X,Z(n)) −→ Alg
m,n
c,P,X(k)
if m ≤ n+2. If, in addition, X is smooth, the universal P-regular homomorphism exists for (m,n) = (2d, d)
as well.
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Proof. Let φ : Hmc,P(X,Z(n)) −→ S(k) be a surjective P-regular homomorphism. Then, there are smooth
proper connected scheme T pointed at t0 ∈ T (k) and Y ∈ HomDM (M(T )⊗M c(X),Z(n)[m]) such that the
composition
φ ◦ wY : T (k) −→ S(k)
is surjective. Suppose now that at0 : T −→ AlbT is the canonical map that sends t0 to the unit of AlbT . The
universality of at0 induces the (surjective) homomorphism f : AlbT −→ S such that f ◦ at0 = φ ◦ wY .
The maps wY : T (k) −→ Hmc,P(X,Z(n)) and at0 : T (k) −→ AlbT (k) factor through H0(T,Z)
0 and yields
the following commutative diagram
T (k)
$$❏
❏❏
❏❏
❏❏
❏❏
wY
&&
at0
$$
H0(T,Z)0 //
albT

Hmc,P(X,Z(n))
φ // S(k)
AlbT (k)
f
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where T (k) −→ H0(T,Z)0 sends t ∈ T (k) to the class of t−t0 ∈ H0(T,Z)0, and H0(T,Z)0 −→ Hmc,P(X,Z(n))
sends Z : Z −→M(T ) ∈ H0(T,Z)0 to
Z⊗M c(X)
Z⊗idMc(X)
−→ M(T )⊗M c(X)
Y
−→ Z(n)[m].
We claim that the l-torsion part lφ :l H
m
c,P(X,Z(n)) −→l S(k) is surjective for almost all prime l. Since
the l-torsion part of the Albanese map lalbT is surjective by Rojtman’s theorem (Theorem 2.3), this follows
from the surjectivity of lf for l relatively prime to the index (kerf : kerf
0). The surjectivity of lf follows
from the divisibility of the group of rational points of an abelian variety (see the proof of Theorem 2.24 for
details).
Therefore, by Proposition 3.21, it is enough to show the finiteness of lH
m
c,P(X,Z(n)) for one of the above
l. Let us assume that l 6= char k. As explained in the proof of Theorems 2.24, this follows from the finiteness
of Hm−1c (X,Z/l(n)). But this has already been shown in the proofs of Theorems 2.24 and 2.25. 
For smooth proper connected schemes X, the representatives AlgrX , Alg
2r,r
c,X and Alg
2r,r
c,P,X coincide (at
least under the assumption of resolution of singularities).
Proposition 3.23. Let X be a connected proper scheme over k. If there exist algebraic representative (Sub-
section 2.1) and universal P-regular homomorphism, then AlgrX and Alg
2r,r
c,P,X are canonically isomorphic.
If, in addition, X is smooth and if Alg2r,rc,X also exists, then the canonical map Alg
2r,r
c,P,X −→ Alg
2r,r
c,X is an
isomorphism under resolution of singularities.
Proof. There is a unique isomorphism between AlgrX and Alg
2r,r
c,P,X , one for each direction, by the universality
of these objects with respect to P-regular homomorphisms and by Proposition 2.7.
For the second assertion, note that there is a canonical map given by the universal property of Alg2r,rc,P,X :
H2rc,P(X,Z(r))
Φ2r,r
c,P,X // Alg2r,rc,P,X
∃!

H2rc,alg(X,Z(r))
Φ2r,r
c,X
// Alg2r,rc,X
We need to construct the inverse of the dotted arrow. For this, it suffices to show that Φ2r,rc,P,X is regular (not
only P-regular).
Suppose that T is a connected smooth scheme over k and Y is a morphism inHomDM (M(T )⊗M c(X),Z(r)[2r]).
We need to show that the composition
T (k)
wY−→ H2rc,P(X,Z(r))
Φ2r,r
c,P,X
−→ Alg2r,rc,P,X(k)
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comes from a scheme morphism. But this is clear because wY factors as
T (k)
inc. ""❊
❊❊
❊❊
❊❊
❊
wY // H2rc,P(X,Z(r))
T¯ (k)
wY¯
88rrrrrrrrrr
where T¯ is a smooth compactification of T which exists by resolution of singularities and Y¯ is the preimage
of Y under the surjective map
HomDM (M(T¯ )⊗M
c(X),Z(r)[2r]) ∼= CHr(T¯ ×X) −→ CHr(T ×X) ∼= HomDM (M(T )⊗M
c(X),Z(r)[2r]).
Here, we used the smoothness of X to compare motivic cohomology with Chow groups by [MVW, Theorem
19.1]. 
Remark 3.24 (An example for the case (m,n) 6= (2r, r)). Suppose that X is a smooth proper connected
scheme over k. Since H1c,P(X,Z(1)) is a trivial group by Remark 3.18, the universal P-regular homomorphism
is clearly the trivial isomorphism
H1c,P(X,Z(1))
∼=
−→ (Spec k)(k).
On the other hand, we claim that the universal regular homomorphism for H1c,alg(X,Z(1)) is the isomor-
phism
v : H1c,alg(X,Z(1))
∼=
−→ Gm(k)
that sends an invertible regular function f ∈ O∗(X) ∼= H1c,alg(X,Z(1)) to its (unique) value (in k
∗). Since
we already know the existence of the universal regular homomorphism Φ1,1c,X (Theorem 2.24) and the map v
is an isomorphism (Remark 3.18), it is enough to show the regularity of v. Suppose T is a smooth connected
scheme pointed at t0 and Y is an element of O∗(T × X) ∼= HomDM (M(T ) ⊗M c(X),Z(1)[1]). Then, we
have the commutative diagram
T (k)
wY //
id×{x}

H1c,alg(X,Z(1))
v // Gm(k)
T (k)× {x} 

inc.
// T (k)×X(k)
Y
// Gm(k)
−×(v(Y |{t0}×X))
−1
OO
where x is any rational point on X. Therefore, the composition v ◦ wY is induced by a scheme morphism.
Now, suppose that X is an arbitrary connected scheme over k. If the universal regular homomorphisms
Φm,nc,X and the universal P-regular homomorphism Φ
m,n
c,P,X exist, there is always a canonical morphism from
the abelian variety Algm,nc,P,X to the semi-abelian variety Alg
m,n
c,X induced by the universality:
(14) Hmc,P(X,Z(n))
_
inc.

Φm,n
c,P,X // // Algm,nc,P,X(k)
∃!

Hmc,alg(X,Z(n)) Φm,n
c,X
// // Algm,nc,X (k)
For smooth X and (m,n) = (2, 1), we know the precise relation between Algm,nc,P,X and Alg
m,n
c,X .
Theorem 3.25. Assume resolution of singularities. If X is a smooth connected scheme over k, the abelian
variety Alg2,1c,P,X is canonically isomorphic to the maximal abelian subvariety of Alg
2,1
c,X under the canonical
homomorphism in the diagram (14).
Proof. If X is proper, it is already dealt with in Proposition 3.23. Below, we assume that X is not proper.
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We consider the diagram
H2c,P(X,Z(1))
_
inc

Φ2,1
c,P,X // // Alg2,1c,P,X(k)
∃! a

H2c,alg(X,Z(1))
Φ2,1
c,X
isom.
// Alg2,1c,X(k)
By Theorem 3.16, Φ2,1c,X is an isomorphism. The commutativity of the diagram implies that a is injective.
Let Amax be the maximal abelian subvariety of Alg2,1c,X . We need to show that the image of a is A
max(k).
Equivalently, we need to prove im(Φ2,1c,X ◦ inc) = A
max(k). Since im(Φ2,1c,X ◦ inc) = im(a) is an abelian variety,
we have im(Φ2,1c,X ◦ inc) ⊂ A
max(k).
For the other inclusion, let X¯ be a good compactification of X with Z := X¯ \ X. Suppose (P0, p0) ∈
Pic(Pic0
X¯,Z,red
×X¯, P ic0
X¯,Z,red
×Z) is the element corresponding to the canonical map Pic0
X¯,Z,red
−→ PicX¯,Z
under Proposition 3.8, and (Q, q) ∈ Pic(Amax× X¯, Amax×Z) is the one corresponding to the canonical map
Amax →֒ Alg2,1c,X
∼= Pic0X¯,Z,red −→ PicX¯,Z . Then, there is a commutative diagram (we use the same notation
as in Proposition 3.15 but this time all the semi-abelian varieties are pointed at the identity elements, and
all “ →֒ ” stand for the inclusions)
Amax(k)
_

wF (Q,q) // H2c,P(X,Z(1))
  inc // H2c,alg(X,Z(1))
Φ2,1
c,X //
_
i

φ0
''PP
PP
PP
PP
PP
PP
Alg2,1c,X(k)
∼= Theorem 3.16

Alg1c,X(k)
∼= Theorem 3.16

H2c (X,Z(1))
g

Pic0
X¯,Z,red
(k)
_

Pic0
X¯,Z,red
(k)
B(P0,p0) //
_

Pic(X¯, Z)
ψ // PicX¯,Z(k)
PicX¯,Z(k)
B(P,p)
33❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢
id
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The commutativity of the diagram implies that the composition of maps in the top row is injective. Hence,
we have im(Φ2,1c,X ◦ inc) ⊃ A
max(k). 
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